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OS5 COlE [ &*80%Y [1](a)(i,ii,iv) ]
True (T) or False (F): (1 for each)
(a) Suppose 4 is row equivalent to B, i.e., A’EB.
i . NS(4)=NS(B)
ii. CS(4)=CS(B)
iv. RS(4)=RS(B)

(] (@) (1) True. G2 BICHS E2£120
(a) (ii) False. ™ [F[g™:

1 1
Ty g =  B=
2 0
R

[l A~B
1 —

B CSA)= < ¢ (EhETED b
2
1 — 3 o

CS(B)= < 1 tEREl b GESBCHS E2%.160)

0

i 5]1 CS(4)#CS(B)
(a) (iv) True. ﬁ%‘%]}ﬂCHS%’%W

05 CMEE [ flrisdeyr [11(H) ]
(f) If matrices 4 and B are row equivalent then their column spaces are the same, but their

row spaces may be different.
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[#%] (f) False.

) 1 1 1 1
BTYp: bl
1 1 0 0
» » t
Fi| ¥ fYcolumn space £§ < teR + ,
t
,r » t
% # fYcolumn space £ < teR ¢+,
0
IO AR
FEICFRS . TR

... then their row spaces are the same, but their column spaces may be different.

05 CE[ & *~84x¥K[[5] ]

Show that the row space of matrix 4B is a subspace of the row space of matrix B .

[ % a]] FFCHSTR21a,
[#]  x&RSP(4B)

— Ju I x=u(4B) (CH5EE17)
— Fu I x=ud)B
—> xERSPB (CH52H17)
b1
B AL,
“ABPNEIKI” WERL “(APVEIKTINB (CH22R1700)
LRLBR R £ (CH27:2R170)

| “AB[IBTKS” RSP,
L) £ ABJ i ORI (4 HTERSPRL ). (RSPBAYEIFIT)
57’} RSP(4B) CRSP(B).
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05 CIOEY [ [[1h82%¥E 4] ]
Prove that

(a) The column space of matrix 4B is contained in the column space of matrix 4 (5%

(b) The left nullspace of matrix AB contains the left null space of matrix 4. (5%)

[#] (a) x&[column space of 4B]
— Ju [IfHx=(A4B)u GHRBLCHS H2EI17)
— Ju [Ifx=A4(Bu)
— 3w fifHx=4w

—> x& [column space of 4] (GHERBCHS EF7)
(b) x & [ leftnull space of 4 ]
— xA=o (FHALCHS H5:19)
— (d)B=o0
— x(4B)=0
—> x&][ left null space of 4B ] FHBWCHS E#:19)
05CHEI [ %*81%%” [3](b) ]
Let - -
1 2 1 1

A= {-1 3 0 2
0o 1 1 2

(b) (3%) Suppose space V is spanned by the first two columns of 4, and space W is spanned

by the last two columns of 4.  Find a basis for their intersection V'N W.

V=<x|-1 | +y | 3 x,y e R ¢,

e




1 1
W= <p|0| +qg |2 p.qg € R ¢.
1 2
1 1
BT PIpE w=p |0 | +q |2 |,
1 2
welV
1 -2
& A,y fEilfﬁx 1| +y | 3| =w
0 1
x—2y=p+gq
= xR e+ 3y= 2¢
y=p+2q
S A
1 2 |ptg 1 2 |ptgqg
-1 3 2g |~ |10 1|p+3q |~
0 1 |pt2g 0 1]|p+t2q

SURE ST

pPTq
p+3q

-q

GikssCH3E2E110)
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05CMEIs [ 780 = [5] ]
Let U=L((1,2,3,6),(4,-1,3,6),(5,1,6,13)), V=L((1,-1, 1, 1), (2, -1, 4, 5))

( Here, L(xi, x2, ... , x; ) stands for the linear—span by vectors xj, xz, ... , X;)
Find a basis for UN V.

(i) B3 v=p(1-1,1,1) +q(2-1,45)€V:
velU
= I, y, 20 Hx(1,2,3,6) + 9(4,-1,3,6) +2(5,1,6,13)= p(1,-1,1,1) + ¢(2,-1,4,5)
> X, p, ZfTHFERE
x+4y+5z=p+2q
2x—y+z=-p—q
3x+3y+6z=p+4q

6x+6y+13z=p-+5¢q
i (p, g ERE1HIED
I PR Rt
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1 4 5| pt+2q | (-2)-3)(-6) 1 4 5 pt2q
2 -1 1| —pgq 0 9 -9 |3p-5| (-1)=2)
3 3 6|ptdg 0o -9 -9 —2p-2q %\
6 13| p+5q 0-18 -17 | -5p-Tq
1 4 5| pt2g 1 4 5| pt+2q
0 9 9| 3p-5q 0 9 9| 3p-35¢q
0 0 0| pt+3g j 0 0 1| pt3q
0 0 1| pt+3g 0 0 0| pt3q
TR R D pt3g=0 el CH3 H2E10)

< p=-3¢q
unv={ver|veU}={p(l-1,1,)+q2-145) | p=-3q}
={-3q(1, 1,1,1)—|—q(2 ~1,4,5) | ¢Fhi= s
={q(-12,1.2) | ¢}3[=
u=x(1,2,3,6)+3(4,-1,3,6)+2(5,1,6,13) €U

T gl

[Phi] HiE
uelV
> Ipg WHEP(IALLD +q(2-1,45)=x(1,2,3,6)+1(4-1,3,6) +2(5,1,6,13)
= Py AR

p+2q= x+4y+5z

p—q = 2x-y+z

p+adg= 3x+3y+6z

p+5¢q= 6x+6y+13z
?J“# (v, LD
I PR A



$3I% wEZREFATRE 5-19
1 2| x+4y+5z (D)D) 1 2| xt+4y+5z
-1 -1 | 2xy+z 0 1 |3x+3y+6z | (-2)(3)
1 4 |3x+3y+6z 0 2| 2xvy+tz A
I S5S|6x+6y+13z 0 3 |5x+2y+8z
1 2| x+4y+5z 1 2| x+4y+5z
0 1] 3x+3y+6z 0 1] 3x+3y+6z
0 0| -4x—Ty-1lz -1 0 0| -4x—Ty-1lz
0 0| —-4x-7y-10z 0 0 z
—4x—Ty-11z=0 ’
R R { GHRSLCH3 EZEI0)
z=0
—4x-Ty=0 4x+Ty=0
= { = {
z=0 z=0

Unv={ueU|ucV}
= {x(1,2,3,6)+1(4,-1,3,6)+2(5,1,6,13) | 4x+7y=0, z=0}
={x(1,2,3,6) +y(4,-1,3 6)—I—z(5,1,6 13) | x=7t, y=—4t, z=0, 55~ TATEl )}
={71(1,2,3,6)-44(4,-1,3,6) | £ [~ G El
= { #(-9,18,9,18) | ¢£% [~ HFdi &l }—{s( 1,2,1,2) | skh = diaiel )

05 Cleld [ ﬁ:ﬁ[84j - X[2] ]
Y % FMF’?’%‘/EIJ[HJE = . 'AJ V3(R)={(1, x, x YA E&F{fjmﬁg} 2.
@ EFvi=1+x"; v=x"x, v;=3-2x; F}ﬂ( Vi, V2, V3 )i_F,F cART(R)
?
(A )= I(R)) VR (10%)
@ HEU=(1+2x+x, 1=x=x?), V=(x+x"-3x,2+2x-2x)
FOR U+ V- UK. (12%)
F’LFJd1m(U + ikl F,E"ﬂdlm(%(R))ﬁ' (2%)
@ FUNVEI- 5K (15%) dim(UN V). (1%)
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@ 1 dim(U+ P+ dim(U N P)RL 55 dim(U) + dim(V) 2 (5%)

[#] © (ﬁ%‘%ﬁaﬂ@@%c)
|| Jisomorphic [N# &,
}If]’ atbx+ex® WEL [a b c],}{fj’Vg(R)ﬁjﬁﬁ b3

vi,va,vs SREL [T 0 1],[0 -1 1], [3 -2 0].
0 1 1 0 1 0 1
-1 1|~1]0 -1 1]~ -1 1
2 0 0 2 -3 0 -5
Jodim (v, v, v3)=3 (FHASCHOH-F123)
SoAvi, v, v ) =MR) (GRBLWCH672E122a)

@}I@]’ atbx+ex+ddt Eila b ¢ d],ﬂ%’Vz;([R)}ﬁEJFERIX“.
14+2x+x° FE[1 2 0 1], 12 E5[1 -1 -1 0].
X230 EER0 1 1 3], 242x2x R 2 0 -2].

1 2 0 1 1 0 0 -3
1 -1 -1 0| YHEEr |0 1 0 2
o 1 1 3] 7 “lo 0 1 s
2 2 0 2 0 0 0 0 ,

LU VEVEUR P AVEL 1-3x7 , x+2x° , x*=5x°}
dim(U+ V) =3=dimVs(R) .

® 15K £ L= L I,
HIEVHIFY= e Ehv=p(0, 1, 1, -3)+4¢(2,2,0,-2) :
veU <= Fx,y ffix(1,2,0, )+xy(1,-1,-1,0)=v



$T% v RELFE A LR 521

x+y=2q
2x—y =p-+2q
:#]nypﬂﬂg =9
y=p
X =-3p—2q
_1 1 2q | _1 0| pt2q |
2 -1| pt2gq 2 0 2q
0 -1 p - 0 -11] p
1 0| -3p2q 1 0| -3p2q
_1 0 p—|—2q_ _1 0 p—|—2q_
0 O0]-2p2¢q 0 -1 p
b 0 -1 p b 0 O0|ptg
0 0] -4p4q 0 O0|ptg

VEU &= [l UL <= ptg=0 — ¢=p
L UNV={p0,1,1,-3)p2,2,0,-2) | pE R} ={p(-2,-1,1,-1) | pE R}
. UNVRuEUR R TV EL {2—x+x—x},

dim(UNV)=1.
@ " 14+ 2x 420, 1—x—x? S .. dimU=2,
CoxFat3x, 2 2 2x° SRR c dimy=2.

. dim(U+V)+dim(UN V)=4=dimU+dim/V .

05 Cm( Ffl‘gzﬁ* [6] ]
Let V:MZXz(F) )

W= eV ! abceF },

and
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(=] (a)

0 a
eV : a beF »,
-a b
(a) Prove that I, and W, are subspaces of V. (10%)
(b) Find the dimensions of Wy, W, , Wi+ W, , WiNW,.  (10%)
S, SR (ERCHS 21 1)
a b d e
Vp geEF, V , ew,
c a f d
a b e pa+qd pb+gqe
p +q = eEw
c a d pctqf patqd

(b)

Wy PHETIE:

0 a 0 ¢
VpgeEF, V , ew,,
-a b - d
0 a 0 ¢ 0 pa-+qc
p +q = ew,
—-a b - d —(pa+qc) pb+qd

Q

S
p—
(e
(e
p—
(e
(e

=a +b +c
c a 0 1 0O O 1 0
1 0 0 1 0O O
9 D) ::.E)__jk/:, Wl
0 1 0O O 1 0
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dimW,=3
0 a 0 1 0O O
=q +b
—a b -1 0 0 1
0 0
> dRy o,
0 1
=5 ﬁ«@?ﬁiwﬁkli%* F RS W, gL,
dlsz— 2
| WiNWw,= {MEW2| MEWl}
0 a 0 a
=< eV: b=0 p,= eV: acF ;,
-a b —-a 0
0 1 ’
i R WO 5L
-1 0

dlm( win Wz): 1
dim(W, + Ws) = dimW, + dimWo—dim(W; N W) GiH5E.CHO L ZE125)
-3 +2-1=4



