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01A[RKE [ %*80evx[[6] ]

(a) What is a unitary transformation ? (2%
(b) List three equivalent conditions which characterize the unitary transformation. (3%)

(c) Categorize the unitary transformation in [R* (plane) and describe these transformations

geometrically.

(i) (a) ARV, WYEMT V> W, ¥
YuyveV, (T(u),T(v))={(u,v)
W T unitary transformation. (FFASLCH13Sec1)
(b) S HHTVI, WRERGHT V> W, S5
(i) YuveV, (T(u),T(v))=/{(u,v)

(iyvver, [Tl =Ivl
(i) VSTV, F SEir-C Hiik &, [ITISIET-4 #i & .
(V)T oT=I.

F T T {100 FURAUHI AT R4, PIFRE IS 474=1.
(c) ¥ THE yR? _FHYunitary transformation,

a C
,,AJA: o RLT T AZYERUK AV A
a b a c 1 O
ATA=1 & =
c d b d 0 1

& A+ =1, AH+d=1, ac+bd=0

flla’+b°=1 ' a=cosd, b=sind .
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T (cosB)c+ (sinB)d=0
HEH c=—1sinB, d=tcosb , 1€ R.
R C+d =1 A=1, =11,

SEARE S R

cosO —sin® cosO  sin®
A= ﬁ‘} A=
sin@  cosO sin@ —cos0O
cosO —sin®
AII'. A — E\ ,
FJ[ sin@  cosO f
1 cosO 0 —sin® cos(0+m/2)
A = , A = =
0 sin® 1 cosO sin(0-+m/2)

SRR EILR IS B, €250

cosO sin®

fi 4= B LA

sinO  —cos0

det(4—kD=k-1, AP T, -1

= ﬁ n=0/2 .
cosf—1  sinB —2sin’n]  2sinmcosn
A-I= =
sin@ —cos6-1 2sinmcosn  —2cos™n

sin ~ —cosn

0 0

’ﬁjf’fﬁ'ﬁﬁllﬁ'lffﬁ &= RS { o] cosn, sim ]T | € R}



-F rEAP 1-3

cosf+1  sin® 2cos™n 2sinmcosn
A+1= =
sin@ —cos6+1 2sinmcosn 2sin’n
cosn sinm
0 0
ﬁﬁ"z{’f@—lﬁffﬁ =" RS { o sinm, —cosn]” | t€ R}

OTERN) {1 cos(0/2),sin(0/2) 1" | tE R} EREAYEHELT.

01AMKE [ fj*~84¥59] ]
Let L be the linear operator rotating each vector in the 2D space by an angle 0 in the lockwise

direction. Determinethe matrix 4 representing L.

[é2] L([1,0]") = [ coso,sin6]",
L([0,1]") = [ cos(0+m/2), sin(0+n/2) ]'= [ —sinb, cosO]"
wL([x, 1) = L(x[1,0]"+[0,1])
= x[ cosO, sinB]' + y [ —sind, cosO]" (CENE e

= [ xcosb—ysin®, xsinb+ycosd]"

01AMKE] [ ©*82%¥%[[1] ]

Find the matrix representations, with respect to the standard basis

{e1, e }= , , for the following linear transformations from R*to R*.

(A) Projection on the line y=mx.
(B) Reflection in the line y=mx.
(C) First make a rotation about the origin through the angle &, then make a projection on the

line y=max.

(%% 71A7] (A)(B) CHIESAS CHI IS0 (C) CHSAI31, CH#:RI230
[#] (A) F%El’?ﬂ*j/ projection£% Tp ,
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ATy =mx k- {R o F T € R |y =mx)

1
AL
m
X 1
( ) )
y m
X — 1 ) ]
Ty = =... (FHASCH1 E5:8)
y — m
1 1
( ) )
m m
1 xX+my 1 1 m X
1+ m? mx—i—m2y 1+m? m m y
1 I m
[T ]=
1+ m? m m’

(B) F%’i’[’?ﬁ* Jreflectionf Tr ,

X X X
+Tr ( )= 2Tp( ) (FRALCHI FTRH13.1)

y y y

X X X 1 1-m*> 2m X
TR ( )=2Tp ( )— =..= ; ,

y y y 14+m 2m m—1 y

1 1-m* 2m
[TrR ] =

1+ m? 2m  m—1

(C) F%’i’[’?ﬁ* Vrotationth Ty, # /| JEAT IV ERSFFERT



1 cos0
Ty = ,
0 sin®
0 cos(0+m/2) —sinf
Te f— f—
1 sin(0 + 1/2) cosf
X 1 1 ’ ’
To =xTp —|—yT9 Gﬁ?ﬂc&'\CH7:\f~_§yl)
y 0 0
xcosO—ysind cosO —sinO X
xsinB +ycosO sind  cos0 y
cosO —sinO
[To]=
sin@  cosO
[T]1=[TeoTol=[Tr 1[ To] (WHASLCHSECEI23)
1 1 m cos®  —sin0
1+m? m  m sin® coso
1 c0s0 + msinO —sin®+ mcosO

1+ m? mcosd+m?sin®  —msinO + m>cos0

1-5

01ABEN [ [I825503] )
Find the 2x2 linear transformation matrix that reflect every vector through the 6-line. (i.e.,

symmetric transformation to the line having slope tan(0) ).

L] 4718 reflection, Sf0-lineif 151,




R 1 a1 T {

SEARE S R

EIOTEEIE20 , /2 IR 0—(1/2-0)=26-7/2 .

{1 } IiCOS(Ze):|
T =
0 sin(20)
0 cos(20— 1 /2) sin(20)
T = =
1 sin(20— 77 /2) —c0s(20)
|:x} |:1 } |:O} |:cos(26) } |: sin(20) }
T =xT +yT =X +y
y 0 1 sin(20) —c0s(20)
cos(20)  sin(20) X
| sin20) —cos20) | | v

cos(20)  sin(20)
sin(20)  —cos(20)

GiERE.CHTEE5)

[ FE] —.AJ m=tan0, ™ _'AJ T % F=reflection

1 1 1
T 0-line -, ST =
m m m

s []-L]0])




xX+my -mx—+y
‘[JE@’@ o= , 327
j 1+ m? 1+ m?
X 1 —m 1 m
T =al +BT =a +B
y m 1 m -1
1 1-m* 2m X

= Fpge st

1-m? 1-tan’0 2m 2m
o= ol cos(20), = T sin(20)
1+m 1 +tan“0 1+m 1+tan“0

. PR

X cos(20)  sin(20) X
y sin(20)  —cos(20) y

cos(20)  sin(20) ’
" AR LR A . Gl CHT E2E15)
sin(20)  —cos(20)

1-7

0 1 A [ [I1)83%er [4] ]
In the vector space R? , what is the axis of rotation, and the angle of rotation, of the
transformation that takes vector (xi, x2, x3 )T into vector (x, X3, X )T ?  Find the matrix that

represents this transformation. (15%)

(] s pepranT, (g o
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I(

1 1 0
A-1I=1] 0 -1 1
1 0 -1
t
ﬁi@ﬂiﬁ[l:< t
t
0 1 0
A= 10 0 1
0 0
0 1
A= 0 0
1 0

X1 X2

X2 | )= | X

X3 X1
0 1 0
0 O 1

0
=10 O
I 0

teR »

COTER = OV T ST
. TRYhEE e 8523, 21120

X1

X2

X3

UL AL 2T
=
e | 1
1




0 1AMME [ & *84%rX[1] ]

(a) Find the matrix that represents reflections through the origin in three dimensions.

(b) Find the matrix that represents reflections through the xz plane in three dimensions.

[#£Fi] reflection through the origin HkERL (x, y, z) = (=x, -y, —2)

reflection through the xz—plane ERL (x, v, 2) = (x, -, 2)

(P @ ?ﬁ’?ﬁ%g@]’, FHRE R A

T([x y z])=[x»y-=z]

-1 0 0
=10 -1 0
0 0 -1
EE
LCEEREL L 0 -1 0 GESESLCHTE2RI15)
0 0 -l
(b) r%ﬁfrﬁ%ﬂ FHRE R A
([T 0 o)'=11 0 o]
([0 1 o)'=1[0 -1 07"
([0 0 1H'=710 o 171"
T T[x y z]H=x[1 0 01"+ y[0 -1 O0]"+ z[0 O 17"




CEHERER 0 -1 0

SEARE S R

GilsSLCHTE2RI15)

O1A[NM [ 1%785%Y [4] ]

An nxn matrix 4 is called orthogonal if AA'=1, , where I, is the nxn identity matrix. Show

that if x is a nonzero vector in [R", then the nxn matrix

2
A=1I, - > xx!
[l x|l

is both orthogonal and symmetric.  (25%)

[#2] @ FEf¥symmetric:

() = GeksSICH2 E2F123)
:)CXT
A'=T -/ | x || HoxxH'
= 1" =@/ [l x [ 0T GHSSCH2 42F123)
= I-Q/ x| Hxx'=4
@ =H*Horthogonal:
Cex D) =x(x x0)x" (FFif = jifLF ()
=x[|lx]*x" (Pt 3,2 [—Iiﬁ[{ﬁ[ﬁlw
= Il ?x’ (= BRI P 779
. AA"=44 (F1D)
=(1-Q/ |l x || Hxx")?
= @ llx | xx"+ @ x| oD (iRsBCH2 28 16)

= I-@ x| Hx" + @llxll¥x]Hoxh) =

01A[MKY [ Hi-81err [5] ]

For nonzero win R”, the pxp Householder matrix Hy, is defined as




ww

where [ is the identity matrix, w' is the transpose of w. Prove that H,, is symmetric and

orthogonal.

UEe] Fops, 1)K H FURH, KL S R 2T Fio,

H =(I-aww"'=I—a(mww")’

= J—aww' =H GBUCH2 H2F123)

.. H £ symmetric .
H'H=HH =[I -oww']?

=1-20ww' +a’ww' ww' (GFERSLCH2EH!16)

=1—-20mww" +a*w/a)w'

=1 20w +2aww' =1

H £} orthogonal . (FERLCH2 E5:25)

01A[RKE] [ F83%rX[[3] ]

A Householder matrix can be defined as H=I-2uu', where u< [R" is a unit column vector.

Let H, H>,..., Hjp be Householder matrices. What is det(HH>...H1o) ?

(5%)

(IHT] W= fu, HESR WL, S s reflection),

[i#] %f Householder matrix H=I-2u,
*ﬁ le{ku|k€R }, W2:W1J-

W F"Jﬁj f‘%ﬁ@—lﬁ'lffﬁ == R, W ’E(ﬁfﬁ Bl 1 Elffifﬁ SRl

S detH=(-1)(1)"'=-1
Fl [LF%F[‘ 35[[5[’??}
det(H H,....H o) =det(H,)det(H,)...det(H0) = (1)’ =1

01ANKNS] [ %*83:rE[[5] ]

Let Rg: R*—R? be a linear transformation defined as
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cos®  —sinO 0
Re= | sinO cos0 0
0 0 1

What are Kernel(Rp) and Image(R3) under Ry? (5%)

(5347 ] SELR PR RIS ALY | Sy, PR e SR £ %,
P IRV R A0, R R, KR Seae .

[EJZLL) 13 - - —
) cos® -sin® O X 0
sin@ cos® 0 y| =10
0 0 1 z 0
e[| H xcosB—ysinf=0

xsin@ +ycosf=0

z=0
ﬁ"JF‘J/ﬂj‘ AR LHyP=0 , .. x=y=0
. Kernel(Rg)={ o0}
2’ Kernel(Ro)={ o0} IRy Hl— %~ M. GHRBLCHS H2E17)
[ R I S L3R
. RobhpAY. (GEMSLWCHS R 1)

*. Image(IR’) under Ry HERLR’.

O1AKNE [ Tv'—FﬁlSOjiB] ]
1

—_ —_

Let n= | 0 | €R>" and let U be the plane through the origin with # as its normal

1
vector. Let P be the orthogonal projection of ]R**! on U.




X
Compute P | y and then find the 3x3 matrix A, such that
z
X X X
Ply | =A |y |, Viy| eR™
z z z

] x
Fov= |y | T,
z
Ven ’
U= ——n (GHASWCH1 H5:.8(@))
n-en
1
X+z xX+z
= n = 0
2 2
1
X 1 xX—=Z
xX+z 1
SoPv=v—u = |y |- 0 = — | 2
2 2
z 1 —Xx+z
172 0 =172 X
= 0 1 0 y
-12 0 172 z
172 0 =12
A= 0 1 0
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RHE[0IB: X fﬁﬁﬁg (FUEE[17D)

ARG FRAR IS AR, S L2, 2 sD, kL 8- R

O1BMEN [ #5*81%rr ['174[4] ]
Given a straight line in 2-space that passes through the two points P(-2, -3) and Q(5, 1)
(a) Find a vector equation for the straight line. (5%)

(b) Determine a direction vector for the straight line.  (5%)

(i) (2) PO — (5. 1)~ (2,-3) — (7.4)

?ﬁ&&ﬂ/ Eﬁ%ﬁ,‘?@X(x, ), Il PX =t PQ.

LS RE WA OX = OP+t PO, Ry (FRBCHIEA20)
(b) (a)’] fEF1p~ PQ HiERLIF54 T derection vector V — .

Lok ]
p At 'EFJFIIEIfJExJ%HF P(-2,-3,2),0(5, 1, 7). %?@;@P%W AT PQ RV E Y

FEZC.
Ans:  7(x+2)+4(y+3)+5(z-2)=0

O1BMEKE [ FHrisser:[3] ]

Give two geometric meanings for that the linear system Ax=25 is consistent.

[Efi—] %Af@mxnffﬁﬁﬁ].
@ %Aﬁ“ﬂ GI{FAELR) Ry s o Rins 1] b=[ b1, bryeee, b ]°
Ax=b < Vi=12,..m, Ri+-x=b; (GEFRBLWCH3EF])
ﬁl'ﬁ i+ x=Db; fﬂ U naE s R U?Fﬁ [“i(hyperplane).
Ax=b ® Eﬂidiilﬁm[["%_' FIpv & 7R
&) %APJFI 7 ARG, Gy, o, G



Ax=b <:> Ax; yeees Xn [,EI f:FJbel Ci +xC +...+x,Cy (;T\ \;l’tf"LCH:;%:;EZ)
Ax=D>b ?Jﬁﬂ‘ﬂ“{}‘:ﬂbiﬁ?ﬁ span{ Ci , C», ..., Ca } V||

0 1B [ f[lr82evE2] ]

For a system of linear equations,

an  an  aps X b
a  an  ax; x| = |b
az  azxn  ass X3 b3

explain when the system is singular from row picture
an x1t+anpxxtasxs= by,
( ie., ax) X1+anxataxnx3= by, )
azy x1+an xy+ayxx3= bz,

and column picture

an agn a3 by
( 1.€C., X1 any +X2 ann +X3 anis — b2 )
as as ass b3

(] prlpvmpR, 1t AR = T AR,
an x1+apxxt+aizx;= by,
ax x1+anx;+axnx;= by,
a1 x1+aypx;+ayxx;= b;,
BRI (8150 B A =S (W7 [ B (normal vector). 17X fERL
frftig = [T Fipve &£
?’ff'ﬁj" A singular <= RO E S 2 T PR R
iﬁ]ﬁ} TR B 2, - A O
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b
fhisp Eﬁ ff'ﬁ CHHATURLER ﬂ%ﬁ}H by | A5 TR = il i poasidns f[,
b3

:}ﬁ A Kisingular & FREEYF RS & REOIRYS [ IE
LHEDJT |[4m[ﬂ£ﬂ%¢tl '(span)fiv i 2 [t](column space)p"»i_ﬂﬂ’ﬁ&ﬁu TR —

EI'{&E’\, {E[& {o}.
m

TR ERIERL | by | B R B TR R, SRS SO -
b3

O1BMEEY [ ©~797 78] ]

S
If Xand Y are vectors in R",then || X-Y|[’= [ X|>=Y]?.

[ a7] CHIEAS3
(i) ZF
(it ] o s A n =195~ GRS I

O 1B [ %~*843%7 [5] ]
Let A={xeR"|x=o0, Zxj= 1} be the (n-1)-dimensional standard simplex. Its center
1

ay= (1,1, ..., 1). Let B(ay , r) be the largest (n—1)-dimensional ball centerd at apin A

n
with radius r, and let B(ao , R) be the smallest (n—1)-dimensional ball centered at ay with radius

R and containing A. Calculate » and R.

[5iFr) (D) f'roap PURE [l | EREEIPYR" HELRM™™. (%?J—EE_TT“ 1)
(2) E:TJ' x_(x15x2: (XYY xn)e ]R ’
x=0 FA “x1=0,x=>0, ..., x,=>0".




HSFE AL
(@) Fln=1 GRRLA[“O%) 7.
AM={x | x1=0, x;1= 1} = {1}
s ao= 1.
(5) Fn=2%%,
Ao={(x1,x) | x1=0,x=0,x;+x,= 1}
SRR FEICT, 0 GEEI(0, 1 )03,
s ap=(1/2,1/2)
(6) I'|n=3717,
As={(x1,x,x3) | x1=0,x=>0, x>0, x; +x2+x3=1}
iﬁﬂﬂ%ﬁ—ﬁ YT EY, 11(1,0,0), (0,1,0), (0,0,1)&@*5%
e ap=(1/3,1/3,1/3).
As Zx 0P PIRVREEL {0, x,0] ] x=0,x0=0,x+x=1}

l:[ }‘IEF-HE i/

(7) n=4f, Ay BIR* FHUT-Z FEECDIEIRD, LE0EREL1,0,0,0),

(0,1,0,0), (0,0,1,0), (0,0,0,1). [l1-=ao=(1/4,1/4,1/4,1/4).
Ay = “x xzxfgpj B R
{(x1, x2, x3,0) | x1=0, x2=0, x3==0, x; +x2+x3=1}
FI’E'FFJF@A&

(&) &~ 4%1un, An £LR"™ f111)(1,0,0....0), (0,1,0....,0), ...
(0,0,0,.. ,l)tﬁﬁgﬁuﬁ giLEd [ Zi (convex set).
e ap= (1/n, 1n, .., 1/n).
An = “x1x7 ... xn,yjéﬁj‘ R &L Apy

9) #R" Hiflfin%—l]'[ﬁi%!rvo,vl s e s Vp s

51 <Er, i,
T VieVo , Voo, .., Vv AR

FI7E & f S D IRRER T h & F’\[ E%n-simplex. simplex fLE{ES Fhomology

theory pyU&EH,.

L] =1 v Bao=(1n, Un, ..., Un),

T V=(0,0,..., 1), VER A, (UFIEE:
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. - /
HFEFF ER= laVoll = I <Un,~1/n, ..., ~l/n, (n=1)/n) ||

=/n) || (-<1,-1,.., =1, n-1) || :(1/n)J (n-1)+(n-1)*= J (n-1)/n
M =(1/(n-1), U(n-1),...1/(n-1), 0),
MEL “ Ay f9= 7 g, DJ}{L_[“JE’JFj@{[fF’J%ﬁ

B —
PR = | aoM | = || (U(a=1) (1,1, o 1, 1) |
=(l/(n(n-1))) (L 1,..,1,1-n)]|

— (Un(n=1))) ¥ (=11 =1/  n(n-1)

O 1BMIG [ E*85:r%[[5] ]
Letx, be R"and A€ R™ . Define

fx)=x"A"Ax-2b'x+b'b.
Find \V/f(x), the gradient of 1.

of of
0x1 ’ 0x> T
(2) P I opa 2 24 214 AR R™.
LA 2l - g
EEHA: Blabe R, Mg R'>R,  V(af+bg)(x)=aVfix)+bVgx)
CHB: FeeR, fig: R"-R, TH0 gw=c, [ Vew=[0,0,..,0]
EHC Fae R, Figt R——R , &5 g=d'x, [ Ve)=a'
TFID: FCeR™, gt R">R , E&E gx)=x'Cx, [[[Vgx)=x(C+C").

of
(3] () B R*>R, V= | : |- e e
Xn

EE'[ CHLEEHI, HI 7= Ve()=2x'C.
T REFT RO
VAx) =V (x' A" Ax2b" x+b' b)="/(x' 4' Ax)-\/(2b' x)+ N/ (b'b)  (EZHA)
=2x"'4' 4-2b' (*E2EB,C,D)
EHIABCREHE IR,
[EEDpVEH]

*ﬁ C=[c;] ., H|




JE=xCx = ¥ 2.6 Xi X (FFFSLCH1085 y]2a)
¥ k=1,2,...,n,
2x¢, ifi=j=k
Ox; X; xi, ifi#Fj=k
OxXx. ) xj, ifj#i=k
0, else
of Oxix;
= 12 JZCij = 2cwxx + i;(CikXi‘i‘J;(ij Xj = IZCikxik+ chkj Xj

ka
= X(CAYBTkIT) 4+ (CRYBTK|x =x'(CAY STk ) +x" (C' A9BTEkI)
= X((CH+CHPYBTkT )

LV =x"(C+C) GslCH2 2R I6(D)

ka

O1B[kd [ fIVF86- ~[5] ]

Consider a moving body B whose position at time 7 is given by R()=¢ 1 +27 j +3tk
( V(©)=dR (t)/dt denotes the velocity of B; A (£)=d 'V (¢)/dt denotes the acceleration of B')
(a) Find the position of B when t=1.

(b) Find the velocity (v) of B when t=1.

(c) Find the speed(s) of B (or the normalized v) when ¢t=1.

(d) Find the acceleration (a) of B when t=1.

[ /3#7]) speedflvelocityfy =", .
[##] (@ R(H=1+2j+3k
(b) V(@O=dR()/dt=3F51 +4tj +3k, V()=3i+4j +3k

© IVII=+V9+16+9=34
(d) A@O=dV@®ldi=6ti +4j, A(1)=6i+4]
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