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0 3A[KE [ M85~ ~[6] 1]
Solve the given linear system:
x+ y+ z—2w=-4
2y+ z+3w= 4
2x+ y— z+2w= 5
xX—y + w= 4

(i)
1 1 1 =21 -4 | .
0 2 1 3 4 0 5
2 1 =1 2 5 0 _1
1 -1 0 1 4 0
1 1 1 =2 4 1 |
0 0 1 =3 _6 0 0
0 -1 3 6| 13 0 1
0 0 5 -9|-18 0 0
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1 1 1 010 1 1 0 010 1 0 0 0]1
0O 0 1 0]0 0O 0 1 0]0 0O 0 1 010
0O -1 -3 0]1 0O -1 0 0]1 0O -1 0 0]1
O 0 o0 1]2 O 0 0 1]2 O 0 0 1]2
1 0 0 O 1
O 1 0 0]-1
~ , J.x=lLy=—1,z=0,w=2

O 0 1 0 0

#
0O 0 0 1 2

OA[M [ 86~ ~ [4] ]

Describe the solutions of Ax =25, where

@ - T
3 5 4 7
A= |3 2 4 |.,b= |-l
6 1 -8 4
® 1
1 2 7 0

A= |2 3 91.,6=10
0 -2 10 0

indicate specifically their solutions as the parametric vector form, such as x=p + tv.

This is to specify what are p, v, and ¢ respectively.

(%] (a)

A5
3 2 41|~ EI
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—1+(4/3)t —1 4/3

x= 2 = 2 +t 0
t 0 1
® - - -
1 2 710 o 1 0O 310
-2 3 910 | ~ ~ |0 1 =510
0O 2 1010 0O 0 o010
— 3¢ 0 —3
x= 5t | = | 0| +¢ 5
t 0 1

03A[K [ FHi-83+rr [1] ]

Consider the case in which the matrix equation AX= B is the equation

_x1 -
_—1 1 2 0 -2 0 | X2 _—3 |
-2 2 4 4 6 2 X3 -8
2 2 4 2 5 1 X4 - 7
2 2 4 4 2 0 Xs 6
L _ N R

(a) Determine the rank of the matrix 4. (5%)
(b) Determine the particular solution and the general solution of
AX=B. (10%)

Cipe] 8553 [gsiLA | BIINE T
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1 1 2 0 =2 0]-3] 120 2 o0f3]
2 2 4 4 6 2|-8 0 00 1 -12 010
> 2 4 2 5 1|7 7 o ooo0 o 11
2 2 4 4 2 0] 6 0 000 0 0]0
() FIrRErlE = q”f'z[ fH 2! rank4d =3 . (HASLCHO72EI23)
(b) PIFIEEIEEE A [3 0 0 0 0 1 ¥ L SR
x1=3+r—2s—2t
X2= r
{x3= s , 18 L = Y (FEALCH3 &I (Y7)
xs=t,/2
Xs5=— t
xe—= 1

0 3A[MEY [ #81err FITe[l] ]
For the following system of three equations in four unknowns:
7T x5+ 14x3= -7
2x1— 8xp+4x3+18x3= 0
3x1— 12— x3+13x4—= 7
(a) Find a row—echelon form (5%)

(b) Determine the solutions of the original system of equations. (5%)

[53#7]) (1) row—echelon form £% Noble & Daniel 4 F'JTJ = Hoffman ATy row—
reduced echelon form & = #I[fl, “YHERLGIF 190  (GEBCH3EZ4)
(2) Noble & Daniel }{ﬁ’ pivot =L 1 FURHPYAHIHI L Gauss—reduced form o

(2] (a)
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2 8 4 18|02 ~|1 4 2 9| 0] 3

3 -12 -1 13| 7 3 -12 -1 13| 7

0 0 0 0] 0

(b) B (15
{xl 4 x; + Sx4= 2

3-5

X3+ 2)64: -1
S UL VR,
x1— 2 + 4t — Su
Xr=t
<
X3:—1—2u
Xa=1u 4w B EiEe
0 3ARE [ % *81%% [31(c) ]
Let — 7
1 2 1 1

(¢) (2%) For a linear system Ax=> with column vectors x and b, suppose the system is
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consistent and xy is a slolution to the systems, find the set of solutions to the
system.

(] {x|Ax=b}
= {xotu| ueNSH4)} (FEASCH3 E2E2)
-3
-1
= < xot+t teR ¢ (A fH T 1(a) =" 32 TINS(4))
1
0

0 3AMIS [ “[is2er: [12] ]

Which of the following matrices is in a row echelon form:

1 0 1 0 1

o I 1 0 1

@|0 1 0 0 2 |; ®|1 0 0 o 2 |;
0O 0 o0 1 3 0O 0 o0 1 3
I 0 1 0 1

(c) o 1 o0 1 2 |; (d) all of the above.
0O 0 0 1 3

(2] 3 (a) GrEB.CH3 E354)

O3A[NMd [ E*847 7 [7] 1]
LetT: R2% IR3 be a linear transformation such that
T(xl, XQ):(Xl +2X2, —X1 —3X2, —3X1 —2X2).

Find x such that T(x)=(-4, 7, 0).

(10%)

(]

X1 +ZX2: *4
Eﬂ—‘f’j%;‘u —x1—3x,="7

—3X1 *2)62:0
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1 2|4 1 2|4 1 0] 2
-1 3| 7 | ~1]10 -1 3 ~ 10 1|3
-3 210 0 4]-12 0O 0] O

X:( 2 s -3 )

03A[MKY [ ©*85~ 7 [1] ]
In coding a message, a blank space was represented by 0, an A by 1, a B by 2, a C by 3, and

soon. The message was transformed using the matrix 7 and sent out as

4 1 2 1
M= |10 | ,whereT= |2 5 3 |. Whatwasthe message ?
7 2 3 2

(i) i TX=M,

SoX=[101 110, oL FERELEL AAA

0 3 A[BKE] [ »5*84%v" [3] ]

A Cryptosystem is one in which a meaningful message block M, called the plaintext, is
enciphered (or transformed) into a meaningless message block, called the ciphertext. This
transformation is usually specified by a key in such a way that only the authorized users
who knows the key can decipher (recover) the ciphertext. Assume that you are an attacker.
Knowing that the transformation of a given cryptosystem is a 3*3 matrix transformation and
also knowing the following pairs of plaintex—ciphertext:

(M, C) = (2,1,2),(3,15,8);

(M, C3) = (0,6,-2), (-6, 14,-2);
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(Ms, G3) = (0,3,-1),(=3,7,-1);

(Mg, Cs) = (4,1,1),(7,21,13).
(a) Find the enciphering and deciphering keys of the cryptosystem.(10%)
(b) Compute the plaintext of the ciphertext C=(0, 8,4). (5%)
(c) What is the requirement(s) for a matrix to be a transformation in

a cryptosystem. (5%)

[5i#7] iﬁﬁjf’,ﬁﬁjm ?/IJEf?J £7:
cryptosystem( {5 7 3k), plaintext(’T%'LZ!F",ﬂ/ 4,
ciphertext(V[Ii# i< [V 3), encipher(J[I¥), decipher(F%¥),
attacker(RAAEH). SUEH S5 % [ ERLE S, (1)U R SRR I,
[Ip AR
[i#] (a) I%’i’l’?ﬁ*j/ encipher key FE3x3HIHLX . [l B 51
MX =C ,i=1234.
4l: (2,1,2)X = (3,15,8),
(0,6,-2) X = (-6, 14,-2),
(0,3-HX = (3,7,-1),
(4,1,H X = (7,21, 13).

i £
2 1 2 3 15 8
0 6 2 -6 14 2
X= GESSCH2EZE17(D)
0 3 -1 -3 7 -1
4 1 1 7 21 13

IS B =t el A O [ 3 * BRI (WHASLCH3EE Y] 122, FEEEY)
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7|38
2 1 2
0 6 -2
0 3 -l
41 1
i)

15

14 2 %’

21

FJI 913 ErEdeciphering key X~ :

0 2 1

i X =

(b) Al

2 4 3
-1 3 0

1
0

0 0 1

3/4

1/4

-1/2

0 0

1

0

1/2

1/2

-1

-9/4

-3/4

5/2

3-9

2) |21 2] 3 15 8
00 0[0 0 0
03 -1|-3 7 -1
0-1 3|1 -9 -3

3
0
1
0
GrlsBLCH3 4 T]12b)

1 0 0|34 12 -9/4

0 1 0|14 12 -3/4

00 1|-12 -1 52




FE R BAT A 34T
34 172 -9/4
CX'=[0 8 4] |1/4 12 34 |=10 0 4]
12 -1 52

(o) LT AT,
0 3AKNS] [ %4856vE[[8] ]
[ g ]
(1) "]GaussifjF ¥~ [n*nifillA [P LU 2, JIH A — x = fr=ing Sp i
Vtime complexityfl- 2 ) 2 (2%)
(2) L'}Ifj’— (fatn*n LA I'EPTLUﬁEﬁfé’i&ﬂ%ﬁﬁl‘?“‘ﬁ@ﬁ@ﬂib? time complexity £l %
P2 HildkLe*n, Xpln*1, biln*1. (1%)

(%] (1) o) (2) O(n)
GHLD| ﬁ%%iﬁ&ﬂﬂ:@cmiﬁﬁ Fda.
+ REfifvRLcomplexity, %@E' 10(.) <, [P RLfel Brd C-fuv gy
(1) SRR Beffiion 30k, BHEERLO00). K FIFkEE ™ bl FlHn
AIRE W R, H2n VR, WL RO, SRR YIS T A ROLET,
FFEERLOM), (- ile3n v f * Es i pod 84, HPEE T
RLOG). FE 0= HpivotCTISFRHZ A RS RCR En I T
O(n)+nO(n)=O(n’)- ¥3EET. & % nifipivot, Tl ;g{@iﬁ%%ﬁgr nO(n*)=0(n)
SSELET.
) [IP'LUX=b, F f LUX=by , UX=bh
I i Ploy=b [i9 by L URLEbP [fonfErEIRE W pUHFEE (hPRUTRRFE )
& FRI0MPOw), T 2RL00r).
2" bisf Wi, R Lby=by, PILELN = S, LA 0BT G T
FOIpIERERY T flalles Ppb=fAre B et by P IPSR A 20— [l SR =1 VR e
FPE 210 V{7, AT 2REI0(m) %, AR, TR - (EEH 2R

O(n)- %, H5H0(m) + O(n) + O(n)=Olm) VT, [fn %, Tl | 4 5H
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nO(n)=O0(n’)- V3E BT

3 bRl i UX=by, [NURLES AP0, i SR O3 e (i,
FI PR RIGREY- (G, (PR X SRR RID, AR
nO(n)=O0(n")-%3E ET.

o F R ﬁomz) +0() + O(n*) = O(n*)- ¥ ELET.



3-12 SUEAEE < U RR i

FERI03B: A T

O3 BOEE [ % *86%%" [6](a) ]
[RLZ EFHT R

A consistent linear system with coefficient matrix 4 has an infinite number of solutions

if and only if 4 can be row-reduced to an echelon matrix that includes some column

containing no pivot.

(] True. GHBLCH3 H210)

0 3BEEA [ flr186¥F [1]1(a)b) ]
[ kRt ]

(a) A consistent linear system has infinitely many solutions if and only if at least one column

in the coefficient matrix does not contain a pivot position.

(b) The linear system Ax=o0 always has solution.

[#] (a) True.
‘%QL"E Ejéi(consistence)ﬁlfi AR S
mE R = F PR < 5T ] Fb',pivot fi’fﬁ[’. (GHASLCH3 5 7)
[#] (b) True.
v=o=i [

O SB[ [ & 86~ ~ [1](abefgij) ]
|Jﬂ%‘_]

(a) A homogeneous system always has a solution.

(b) A nonhomogeneous system has a nontrival solution if and only if the numbers of
equations of the system equal the numbers of the variables.

(e)Let T: R™——R™ be a linear transformation and let 4 be the standard matrix of 7.
Then Tmaps [R" onto [R™ if and only if the columns of 4 span [R" .
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(f) If an mxn matrix 4 has m pivot columns, then the equation Ax=5, has a unique solution
for every bin R™

(g) Anxn 1s an invertible matrix iff the equation 4Ax = o has nontrivial solutions.

(i) Given a b R™, if the equation Ax=b is consistent, then the column space of Ay is R™

(j) Any complex system can be simplified by investigating its corresponding eigensystem.

(] (a) Yes. = Do klhl- i GRREICH3 E2RI1)
(b) No. B[
X —l_y =1 )
{ i, (HABLCH3 25 (7]8)
2x+2y=3
(e) No.

TE A Lmxn SET, *&’E{fjcolumnﬁ[ﬁﬁmxl%ﬁﬁﬁi, {EHF{'JT it RV L
TYRIEE L " the columns of A span R™ 7 {I]l Férii’ﬁé’?‘}Yes.

eI 2 PR CHO T, 4 R kL RE VTR, [ R T Al

HEFEE S,
() No.
1 0o 2
191231l = i |2{[Epivot column, [F!Ax= b5
0O 1 3
RLUE LR GHBLCH3 A5 5]7)
(2) No. [f+sEr~ . (FEASLCH3 E2E18)

AR’ EE?T, Ax=0 —=> x=A4'o=o, f"-‘\ﬁf'\nontrivialfjﬁ.
(1) No. Ax=DbF |1 [ AbT% 7t AfUcolumn spacef| 1. GHASCH3ERE12)

, 1 2 3
BIp 4= , b=
12

flldx=b% Jﬁfé, (FlAf~column space™ ZER? .
(j) No.
(A53(1)(Q2) ] PV ™ [, complex system kL HIWO Tk o5t 7
U SfiRlAx=b, A C™" ,xeC™ , beC™".




N~ Fim=n} | FjiﬁjﬁAEIfJeigenvalue, Al 4 RE FE‘NO'

BRARL I, ST i, b= SR, fli4=PRP"
fx="Py, FIVECHAHZS Y A~ 83Ry=P"'p  (CHI3%ZRI10)

SEARE S R

0 3 B[R [ flrl85%¥T [2](abe) ]

P
(a) A linear system with fewer equations than variables cannot have a unique solution.

(b) Two linear systems Ax=>, and Bx=c are equivalent if and only if 4 and B are row

equivalent.

(c) If a linear system has no free variables, then it has a unique solution.

[53#7) (b) “A and B are row eauivalent” [lpL 4RI, H RIE[FELL

“[4 | b] and [B | c] are row eauivalent” (FFASLCH3 E2E!5)
(c) }H FUH = EVRPY 2, pivotHis i = B Ry 17 Fibasic variable,
[ & fru I Hfree variable. (GEASLCH3 T [517)
(7] @) T,
S Flinear system F Y il A4x=b, GHEBCH3ER)
i A mxn i, PP HIm <n
. rankA<m<n (GHBLWCHS HE15)
". A% |n—rankA fiiifree variable. (FREASWCH3 AT 7]7)
. Ax=b ] - . Ge8UCH3 21110)
() F,
mvpllp_l’22p_—l
0 0/ |q ol 1o o |gq 0
777 equivalent. (RASWCH3 )
1 1 2 2
i = row equivalent. (FHFELCH3 EF3)



(c)F
1 0 1
, x
s o 1 = |2
y
0 O 3
12 F | free variable, IEF‘“EEJ% ' (HAHCH3 CE0)

0 3B [ flk84%¥ [1](abed) ]

True or False. (= ‘&l 3] GEPHAY S 7). 2T RES5T)

(a) Every matrix is row equivalent to a unique matrix in echelon form.

(b) For the linear system ApmunXnxi =bm«1. A has infinitely many solution if and only if
at least one column of 4 doesn't contain a pivot position.

(¢) The linear system Ax=>»b with more equations than variables cannot have a unique

solution.

(d) If the columns of 4 are linearly independent, then the linear system Ax=»b has solution.

[i#] (a) False.

1 2 1 0
1o , PP, (GERSLCH3 H2:3)
0 1 0 1
- ffﬁﬁﬂﬂechelon form. GGRASWCH3 H504)
[ﬁ‘]‘gﬁ]
A echelon formd>Ejrow—reduced echelon form, ]| V'Vljt £ True.

row—reduced echelon form FYE— [EAVE ﬁlfg[ FIZHL.
Hoffman & Kunze: 77t Sec2.5,Theorem 11f4Corollary. (%ﬁﬂjﬁ— [1))
Noble & Naniel: &+ Ch4 Theorem4.5 & Theorem4.11. (Eﬁﬂjﬁiﬂ\: j1))
Friedberg, Insel, & Spence : # &
i = P i 2| (=¥ Sfrow-reduced echelon formfIEZ i3 4 74 7 [l
| T RIpVEEE.

(b) False.
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7+ flonly—if part¥f, {flif part 3%,

1 2 2
X1 )
SR 0 0 = |3 | 23~ column Fﬁpivot, (E5 A,
X2
0 0 4
(c) False.
1 0 2
r XI
AR 0 1 =13
X2
0 0 0

- A (VR T A

(d) False.
1 0 2 1 0
X1
San 0 1 = |3 | ZEE (0|, |1 |
X2
0 0 4 0 0

0 3BMIY [ %';5183::[4] ]

R HE]
If rank(4, b)=rank(4)+ 1, then Ax=> has a solution.

(] x, MiFES (HSLCH3EE10)
O3 B[N [ 7783 (6] ]
[hL7HE]

Let 4 be a m by n matrix with rank »<<m <n Then the system 4x=o0 always has nontrival

solutions. (2%)

(] O, patap. (RECH3EE1®)
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O3BMEY [ ©*797 7 [9] ]
TLZEE:

If A is an mxn matrix with m <n, then the linear system AX=25

has a solution for every mx1 matrix B.

(] 2F
[Féﬁfﬁl N~
WV m=2,n=3,
X
1 0 0 0
A y| = i
0 0 O 1
z

O 3BOEE] [ EF*827 7 [4] ]

Let 4 be an mxn matrix and b an mx1 column vector. If 4 is a square nonsingular matrix,

prove that Ax=> has a solution and that this solution is unique.

[#] °.° A tinonsingular, AT
4 x=A"b , P Ax=A'by=(44 b=Ib=b
Ax=b "EJEJ%
T Aa=b, = Ax=b , |
x1=A (Ax))=A"'b=A4"(4x2)=x>
Ax=Db FUHHIE-
O3BENS] [ ©*~797 7 [2] ]
T EE:

If | A| =0, then the linear system AX=2B, B+ o, has no solution

COEE
(FIFY =




Fll detd=

[,EI —H%E:QAX:B?‘J %TI\IKEL %I’I:E{E]Ziﬁ

SEARE S R

O3BEME [ #8677 [3] ]

Determine whether the linear systems are consistent.

If they are consistent, are their

solutions "unique" ? Given the reason for your answer. (10%)
(@) 2x+2x3=0
X1 — 2X4 =-3
X3 + 3X4 =4
—2x1 +3X2+ZX3 Jr)C4:4
(b)  Bxy;—6x3+4x4=9
—X1 —2X2—X3 + 3)(4: 1
—ZX1 - 3xz + 3X4:—1
X1 +4X2+SX3*9X4:—7
(i) () s -
0O 2 2 0] O I 0 -2 |3
1 0 0 -2 |-3| =BEEr |0 2 0] 0
0 0 1 3|-4| 0 0 3|4
-2 3 2 1] 4 0 O 01|-6
JF=A RV #E(Not consistent). (GHASLCH3 RN 0)




Z% FlER
(b) - _ _
0 3 6 4| 9 -1 =2 -1 3 |1
-1 =2 -1 3|1 TYGEET | 0 -3 -6 4 |9
2 3 0 3| 0 0 0 5310
1 4 5 9|7 O 0 0 0 |0
P A= i (consistent), i TMIE- GekBLCH3 2R 10)

O3BEHA [ ﬁFﬁISIjj [4] ]
X1+X2+X3+X4+X5+X6+X7: 0

[
x1+x3=0
2x1+x5+3x7=0
< —x1+x3+x5+x7=0
\};ﬁ +x4—x5—x7—=0
X1+xo—x3+x4—x5+x6—x7—=0
JER LAEAE o RAH IF“iﬂE’”fQ_F,F |nontrivial ##? ([ K F i)
[ %f 18] FECH3EEE10
(] P AR 2% nontrivial . ZEIFTIg[™ :
T R Y A, P A4 KL 6x7 HL (HABCH3 E31)
*%u»% g T R—>RC, T(x)=Ax (kA6 CHT E2F16)
Hl  dim(R7)=dim KerT + dim ImT (FHFELCHS EEIR)

<dimKerT + dim R°®
7 < dimKer7T + 6

(RRALCH8 S I F2, CHO - I22a)

dim Ker7 = 1
KerT # {0} GEUCHOE2119)
Ix+#o [ Tx=0 (HASLCHB H#5)

Ix#o ]E[l H Ax=0
[ J[@nghmﬁ?l]
= [ar a2 ,a3 ,a4], [by ,ba ,b3 b4, [c1 ,¢2 4¢3 ,¢4] T [H]
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alx—l—bly—cl
ax-+by=cy
< asxx+byy=cj3
asxx+biy=cy
[E] Fg=. (0
x+2y=3
4x+5y=6
< Sx+7y=9
x+y=1

SEARE S R

0 3BEEE] [ % ~82%% [3](a) )

Determine true or false for the following statements.

For each statements, you can obtain 2

points for a correct answer, —1 point for a wrong answer, and 0 point for a blank answer.

(a) Let Ax=>b be a system representating two lines in a plane. These two lines might coincide

if Ax=2> is consistent.

[ ###& €54 ] consistent = HAHE E| i#. coincide £
[AM

[i%2] (a) True. S
Ax=b F AT FAURRE, :%{»L#Ftl

P q X1 t
ros X2 u ’
(]
{pxl +gx=t
X1 +Sxo=u

P FRE PR R 0
(1) T4~ BfORgL (77— i),
(2) Ei ﬁpfj[ el (F | I 20 i) o

s

—
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O3 BENEY [ fris4sy (2] ]

Give four methods to determine a linear system Amxn Xnxi =bmx1 has solution.

[5i#7] 7 fEW % CHI1, CH3, CHS5, CH8, CHY. 7 Fﬂfﬁr[:;t, fi M SR F,;
[Pﬁi] (1) E[}%;”n ﬁﬁ(ﬁ —Jﬁﬁj ii)‘j\PJ;’i H‘j:ﬂ‘ ERS IF J”J?

(1) Ax=b7t )i <> rank[4 | b]=rank4
(2) Ax =D IS miptn @R[~ AT AR - W& S O ARl —1
A J%J_[ FD,

PO < Pmlig i 2
(3) Ax=bF | < bE [AfiNcolumn space]
(3) Ax=bt i = b’ FARAf Jcolumnﬂh&\lfﬁ“”ﬁ
(3") BREGIEHFIT - R"—R™, T(x)=A4x.
Ax=b T e <= be[TPV[filE]
(4) Ax=DbT i <= b¥{AfIcolumn space]f 45y [ 1ELb.

(4) [Z3vA Ax=A"bfio~ i, GHSHCHOE 22 1aE154)
Ax=bT i = Au=b GASLCHO 22 1aRi 51

0 3BEIE [ % *84vvA[[2]& 1]
The equation of a strait line in the x—y plane has the form ax+by=c. Consider three strait
lines, with equations
ax+biy=c fori=1,273.
Prove that if the three lines all pass through a common point (x,)) and only (x,y), then
det[4,B,C]=0, where 4,B,C are 3xl and (A4 )i= a;,{(B)i= bi,{(C))= c¢.

[réljﬂw] (1) REEFIT "and only (x,y) " pPYfRFS 73:%[
(2) SERITE Tt RSP IR L, e P PR R R
L] IR o
axx+biy=c

ax+by=c;

axx+byy=cj
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EpiE. AT
aj by C1 a by
rank |ay by ¢ | =rank |ax by (HASLCH8EF118)
as; by ¢ as b3
<2 GkEBCHS HF15)
aj b1 C1
Bl lay by e | PRI GeRELWCHS H2E17)
as b3 C3
aj b1 C1
s I J det ar by c =0 (;ﬁ?;&!\CH4 F\_}:EEI 1 7)
as b3 C3
0 3BENS [ y%783%v7[1] ]

If 4 is a nonsquare matrix, why does there not

exist a matrix that AX=1, XA =1 even when

the two I's are of different sizes? (Hint: If 4 is mxn with m > n, there is a nonzero Y such

that Y4 = O, contrary to the relation O=YAX=YI=Y . Hence AX=1 cannot hold.)

(5347 ARASLCHS TR 6afi itk IR, ~fAgve, (R E RS o [ ]

[##] I%A Ebmxn 3.
" Aklnonsquare,

Fm>n,

[

\/FI <

A=

. mFn.
BEAX=r57, FNE;'-L'W Fl-

Y YA= 0, YEL Lxm i, OF% 1xnFI.

P AR R v B E et 1R nlﬁ{f:“ﬂﬁ?ﬁj AR

om>n,

| a7 2!
form & IV EFEZ R | 75200,

A58 B, [ Firow-reduced echelon
S| R m.




>
~

i
i
=
(&
o

- TP REREE I e
L PR T 2 DR
L YFO0, ]E{fﬁYAzO.

Tim<n, [BEXA=IHT | T

" m<n,

- [[—rij%E,_T\[HE [EI IAEAE)Y
LR 2 R,
L YFO, ]EI?EAY:O_

GlESCH3E2R110)

[ij Y=YI=YAX=0X=0, HI7"F.

HrEHFEALY=0, YE} nxlffﬁﬁ]‘aﬁ mxl%ﬁﬁﬁj.
[Pt R SR R B Y T E n|ﬁ%}ﬂl§!\fm|a{?ﬂﬂﬂ?fﬁ AR

o PR R BE ETE, [* Bbrow—reduced echelon
form i JOZ R e | 505 m, 1o,

G CH3E2EI110)

fij Y=IY=XAY=X0=0, H1f.

3-23
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FEF(03C: & FEst

03CHIEN [ & *8IE¥&[[1] ]

The matrix below is the augmented matrix for some system of equations. Find the values

of the parameters k for which the system has no, one, and infinitely many solutions; when

there are infinitely many, find the general form of the solution in terms of arbitrary
parameters.

1 2 3 |1l o 1 -2 301 |
2 k6 |6 d ~ |0 k+4 0 |4
-1 3 k=310 0 1 k|1
2 31 B 3 ]

~10 1 k|1|(G+4) ~]0 1 k 1
0 k+4 0 |4 0 0 —k(k+4) |k

PJ 52 AT
¥ k=4, HH




/_‘—.':‘:_w?- ;IJ@A‘ET
Iwﬂfﬁ'ﬁg
2% k=0, Il
1 2 31|« 10
o 1 ol1]| @~ o 1
0 0 010 0 0
x1=3—3¢
HeEL {4 =1 N - (E3 7
xX3=t

3 k#E—4 k0, JIEVE FIEIAT

k(k+4)
123 1
~ |0 1 k 1
0 0 1|1kt (—ﬁk) -3)
_1 2 0 (k—l—l)/(k+4)_
~lo 1 o 4/(k+4) i;’) ~
0 0 1 1/(k+4)
x=(k+9)/(k+4)
I\ﬁéjg E]Zi{: y:4/(k+4)
z=1/(k+4)

0| (k+9)/(k+4)
0 4/(k+4)
1 1/(k+4)

3-25

03CHIA [ &*82%¢v%[[4] ]

For what value of a does the system have one solution, no solution, infinitely many solutions

—3z= 4
3x— y +5z= 2
dx+ y+(d®—14)z=a+2

x+2y
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(] - - -
1 2 -3 4 | (3)(4) 1 2 -3 4
3 -1 5 2 ~ 10 -7 14 | =10 | (1)
4 1 a*—14 |a+2 0 -7 a—2|a-14 | <
2 -3 4 ]
~ 10 -7 14 -10

0 0 da—16 |a—4

LM # VORI~ A Wa=—ARfR, Hia=Apf ER I 2

03CHE [ ¥*84ev~[[3] ]

Find the values of & for which the following equations possess no, one,
and infinitely many solutions.
x—2y+3y=1
2x+ky+6z=6
—x+3y+((k—3)z=0

Cife] 1) = A =0

13 k=310 0 1 k|1
1 2 3|1 1 2 3 1
~l0 1 k1|~ ]0 1 k 1
0 k+t4 0 |4 0 0 —kk+4) | —k

k= — 4. k=0 ISR ke R\{0,— 4~ i




>
&

It
s

3-27

03 ClEY [ F78erR[[1] ]

Let

1 9 8 9
0 5 1 4
I -1 6 a

Find the null space of 4 for every a € [R.

]

X1
~ e
;I x:
I
X4
A (5 [ BT
1 9 8

Sfapl] FT]‘ ﬁﬁ

(i) Fa*1, JREwa T

F%N’F.TQEAEIfJnuII space, [[] x&eN &= Ax=0

X1 —|—9)C2+8)C3+9)C4:O

S)Cz+ X3 +4)C4:O

X1 — Xo+6x3+axs=0

8 9
1 4] ~
0 1

9 8
5 1
0 0
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~]l0 5 1 o0 30

x1—31x, =0
< S5xp+x3 =0
X4:0
x1=-31t
Xr=10
< , b B T_E{'Lﬁfj’g‘\'f
x3—-5t
X4—0
=31
’ 1
. a# 1 Afunull spacetl < ¢ teR »
-5
0
(i) Fa=1, JFE&F Y0 -
1 9 8 9 1 31 0 -23
0 5 1 4 -8~ |0 5 1 4 (ﬁzi‘ﬂZ)
O 0 0 O 0 0 0 0

X1—31X2 —23)(4:0
nf
5X2 +X3+ 4X4:0
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x1=316,+234,

X2=1

] NN TRTIEY: Lﬁg‘?
xX3=-5t—4t,

X4=14

. a= IE?JEAEIGJnull space %

31 23
1 0
<t +t4 hueR ¢
-5 —4
0 1

ﬁéi: 1 - E.ﬁ “TF Uﬁ _’ﬂﬁ FFE = [H%}[éj’ Glk&r)s, & e ﬂ/ﬁﬁ.

I 9 8§ 0 1 0 31’5 0

~l0 1 15 0| (9~ |0 1 15 0

0 O 0 1 0 O 0 1

(=317 535 AT,
D [k H I GRS, G TR R R L R
PV bl [, T ALRSH,

03CE [ &+75¢vA([1] ]

Compute the solution of the system

ax+y+z=1
x+tay+z=1
x+ytaz=1

for all possible values of a.

[i] ﬁ%éfﬁaﬂﬁa‘ﬁ'\cmﬁﬁﬁﬂ
03COIE [ %852 - [3] ]

Discuss the solution set of the following system of equations with «
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an arbitrary parameter.

x—3y=-2
Ix—2y=a
2x+ y= 3 (10%)

i) SRS IO e T

1 3|2 1 3| —2 1 0 1
3 2la |~|0 T7T]a+6|~ . ~|0 1 1
2 1] 3 0 7 7 0 0| a-—1

fir o # 1R, el G Gk CH3#57317,8,9)
Hira =10, B8 A5 (01 117

O03CHNd [ ©*83=[6] ]

Find all right-hand sides b for which 4Ax=>5 has solutions, and find all solutions, where

4 -1 2 6|p 0 19 -2 —6]|p+iqg

34 1 3|r 0 19 -2 -6 |3q+r




>
&

It

i

W
T
o

SRR S —p—qtr=0 <= r=ptgq

p
q
ptq

R R

I -5
~ 10 1
0 O
_1 0
~ 10 1
0 O

1

~2/19-6/19 | p/19+44/19

0

9/19
-2/19
0

3

0

27/19
—6/19
0

S

t

, D B A

- q

0

5p/19+4/19

p/19+44/19
0

—(9/19)s— (27/19)t+5p/19+g/19
(2/19)s+(6/19)t+p/19+4g/19

3

s, 5% = E

03CHE [ fli85%y7[2] ]

1 2
LetA= [0 O
2 4

3 b
0 and b= | b,
1 bs

(a) Under what conditions on b so that Ax=> has a solution.

(b) Find a basis for the nullspace of 4.




3-32 HE R HALA 34T
(c) Find the general solution to Ax=>A, where a solution exists.
L] “sehs3 IRl e
1 2 0 3 |b 1 2 0 3 by
000 O0|by|~1]0 0 O0 O by
2 4 0 1 |b; 0 0 0 =5 | —2by+bs
1 2 0 0 |-bi/5+3b5/5
~ ...~ |0 0 0 1 2b1/5 — b3/5
0 0 0 O by
(a) FJHEIA IR EL by=0. (FRABCH3E22110)
(b) xEnull space of 4 &> (FEALCH3 I [Y7)
=25 —2 0
s 1 0
x= =s +t , s, tER S HGTEL
t 0 1
0 0 0
—2 0
1 0
o FURE IVER < ) ¢
HKF . |
0 0

(c) Ax= Db

B\ CH3#37]7)



>
~

It

il

—2S—b1/5 + 3b3/5
N

t

2bi/5 — b3/5

3-33
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RER03D: s Ll

SEARE S R

O 3D[MN [ & *83%rX[[1] ]

1 0 0
LetL= |2 1 0|, FindL" (5%)
2 1 1
(i) e
1 0 0|1 0 0 0 1 0 0
2 1 0l0 1 0]~ 1 2 1 0
2 1 1/0 o0 1 1 2 0 1
1 0 0] 1 0 0 1 0 0
~10 1 0] 2 1 0 L= 2 1 0
0 0 1|4 -1 1 4 -1 1

, ORI =2




g
3 2
5 6
1 0
0 -2
0 0
1 0
1 0
0 -2
0 0
1 0
0 -2
0 0
1 0
0 1
0 0
A=

10

1 | 3/47 1/47 -14/47

0
011
1

0
0
1

9/47
—17/94
3/47

9/47

3/47 5/47

7/47 -10/47  -1/47

3/47

9/47
—-17/94
3/47

3/47
5/47
1/47

1/47 —14/47

3/47 5/47
5/47 1/94
1/47 —14/47

5/47
1/94
—14/47

(-10) (3)

(1/-2)

(1/47)

3-35
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0 3D[EE] [ &F*79:7%[[4](1) ]

1 1 0 1

0O 1 1 0
(1) Compare 4" where A=

0O 0 1 1

0O 0 0 1

[R0E])] 4 RERUE T S8, 97— | Py Compare s>t Compute.

(1 () 2 - 2
1 10 1100 0 1 100]1 0 0 -1
01 10[0100 01 10[0 1 0 0
001 1[00°T1 0 ~0010001—1(—1)
000 1[/000T 1| |000T1[0 0 0 1
1001 0 0 -1 100 01 -1 1 2|
01 00[0 I -1 1| |01 00]0 1 -1 1
oo 1 o0lo o 1 4 “loo 1 o0lo 0 1 4
000 1/0 0 0 1 000 1/0 0 0 1
1 2
-A71201—11
0 0 1 -1
0 0 0 1

0 3DEEY [ #8157~ [|[3](ab) ]

(a) Please find the inverse matrix of



>
~

i
i
o
(i
o
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5 5 1
if possible. (5%)
(b)If B=A4X,
2
please get the solution of X, given B= | 3 (5%)
4
[i]
(a)
1 1 11 0 O 1 1 1 1 0 0
o 2 30 1 Of~1]0 2 3,0 1 O
5 5 110 0 1 0 0 4|5 0 1
1 1 1 1 0 0 1 1 0|-14 0 14
~10 2 3 0 1 0O |~|0 2 0|-154 1 3/4
0 0 1| 54 0 -1/4 0 0 1| 54 0 -1/4
1 1 0|-1/4 0 1/4 1 0 0138 -12 -1/8
~ 10 1 O0/]-158 172 3/8 | ~ {0 1 0|-158 1/2 3/8
0 0 1| 54 0 -1/4 0 0 1| 54 0 -1/4
13/8 —-1/2 -1/8 13 4 -1
A= | =158 12 3/8 | =(1/8) |-15 4 3
5/4 0 -1/4 10 0 -2
(b) X=A4'B
13 4 -1 2 10 5/4

=(1/8) |-15 4 30 (3] =8 |-6|=|-34

10 0 -2 4 12 3/2
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[[4]& ]

03DME [ %80

Let

= RIOXIO

1

find the inverse matrix 4~

SO OO OO O

SO OO OO OoOOoO—O

SO OO OO —=OO

SO O OO —OOO

SO OO OO —OOOO

SO OO OO OOO

SO OO O OO OO

SO O OO OO OO

OO O OO OOOO

—F O OO OOOoOOoOOO

Y p— p— p— p— p— p— p— p— p—

SO O OO OoOOoO—O

SO O OO —O O

SO OO OO —OO O

SO O OO —OOO O

SO OO OO OO O

OO O OO OO O

SO — OO OO OO O

OO OOoOOO O

— OO OO OO OoOO O

TTTTTT T T
_
o p— p— p— p— p— p— p—
Frrr e
TTTTITTT e
TTTTOTTTeeS
TTTTT eSS
—_————— O OO OO
ol

— —— O OO O
_ _

o—

_

SO O OO OO —

-1
-1
-1
-1

-1 -1 -1 -1
-1 -1 -1 -1
-1 -1 -1 -1
-1 -1 -1 -1

-1
-1

—
_

— O OO OoOOO

-1

— O OO OoOOoOOoOO

-1 -1

—_O OO OoOoOOoOO

— OO OO OO OoOO O

{
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st
"

<
¥

AN — —

— ] ey (D

SO O OO OO —O O

SO OO OO —OO O

SO O OO —OOO O

SO OO OO OO O

SO OO OO OO O

SO — OO OO OO O

SO O OO OoOO O

— OO OO OO OoOO O

T O~ —

AN AN —— O

— ] | el — O O

SO OO OO —OO O

SO O OO —OOOO

SO OO OO OOO

SO OO OO OoOO

SO OO OO OO O

O OO OO OoOOO O

— O OO OO OoOOoOO

SO O OO OoOOoOO —

SO O OO OoOOoO—O

-1 -1 -1 -1 -1
I -1 -1 -1 -1

— O OO OoOOoOOO

I -1 -1 -1 -1 -1 -1

SO O OO OoOO

-1 -1 -1 -1 -1 -1 -1

— OO OO OO OoOO O

SO OO OO OoOoO —

SO O OO OoOOoO—O

SO OO OO —=OO

OV VO T A —

TN~ — O

AANAANANAN——O O

— e e ——— O O O

SO O OO —OOOO

SO OO OO OOO

SO OO OO OOO

SO —O OO OOOO

OO O OO OOO

—_O OO OO OoOOoOOO

SO OO OO OoOoO —

SO OO OO —O

SO OO OO —=OO

SO OO OO —OOO

SO O OO OO O

—_O OO OO OoOOOO

{

{

{
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16 32 64 128 256
16 32 64 128

SO OO~ OO OOO
S OO OOOoOOOO
SO OO ODOoOOOO
OS—R O OO ODOoOOOO
—O OO OoOOoOOoOOoOOoOO
SO OO OoOoOoOoO
SO OO OoOOoO——
SO OO OoOO——IN
SO~ N b
SO~ N

coocococoocococo~
coocococococo~O
coococococo—0oO
coocococo—oc0o0O
coococo~ococoo
cCoocOoO—~—=Nho
COoOO——INh®
OO = =N Ao

SRR A8 VIR A7

] 2T fi

0 3D [ 83z T [11] ]
Suppose that you want to compute the inverse of a 100 by 100 nonsingular matrix. What

method should you use ? Why ?

(53471 4 BEfORI o T L

Lo R 3 P £ 4) 3511 00X 2000 [A,1], M FIBELEDR][4.1] (= E5LLB], FrtH EiNB
fiERLAfYinverse. YHA =3B THE (™5 L AMERL T i, e gy ’?I’?’ii%"édﬁﬂjﬁ? T
(00" =~ plfﬁ WEROIEED). I R R I
SR P IR L U $%wﬁF#%W@WE¢m@ ...... )
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O 3SE[MER [ & s1e¥.[[16] )

Let the matrices P, 4, and Q be defined as follows.

0 0 1 1 0 2 1 0 0
What is PAQ ?
1 0 2 -2 4 2 7 —6
(a) 1 -6 7 (b) 7 -6 1 (c) |2 4
2 4 2 2 0 1 2 0
-6 1 7 —6 7 1

@@ | 4 2 2| @© |4 2 2
0o 1 2 0 2 1

A7) ARECH3 RIS, Bf]13a * CH3E2E24, 557234,
(2] (o). FHETIN™ : (i #= o F (AR CH3 2R 15, E2E124):
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PAO= |1 0 O 1 -6 7 0O 1 O

1 -6 7 0 0 1 7 -6 1
= |2 4 2 0O I 0= |2 4 2
1 0 2 I 0 O 2 0 1

03EMA [ % *85:¥%[[9] ]
[ ]
IR i Iﬁmﬁﬁliflr 7 Beny bl elementary matrix [V FAR? e, SjERLY T
fimet H

0 1 1 0 0 1
(1) A= (2%) (2) B= - (2%)
1 2 -2 3 0 1
(=1 (D

@ i, BT
(] (CF Ji 2 Blkas CH3 R 16)

)
0 1 0 1 1 2
A= = GBLCH3 #I71]8)
1 2 1 0 0 1
(2) FE 7 FEIFHERL i SO, GAelCH3 L 137150
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(! detB=det

=det

=det

o B

343

(HALCH4ZE6)

GHECHATE 217

O SE[ME [ &F*86%7%[[9] ]

Find the LU decomposition of the matrix 4 defined next.

(No pivoting is necessary).

1 2
A= |2 3
3 7
[i]
2l o [
1 3 Q ~ 10 -1
3 7 0 0
10 0] 12
21 0 11 GRESSLCH3H2EI27)
3.0 1 0 1
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SEARE S R

oollt ool [1 1 2]

= 1 0/ [0 -1 0 0 1 GHRBLCH3 &3 (7]14b)
0 1|0 0 1 0 0
0 IR

= -1 0 1 =LU GRS CH3 5 ]23a)
0 0 0

O3EMEY [ % ~85¢% [6] ]

Let

2 3

1

A= | 4

1

4

3 4 6

Find the LU-decomposition of matrix 4, where matrices L and U are lower triangular matrix

and upper triangular matrix, respectively.

[i#7] {#Nobel & Daniel [IV"[Fl: LU-decomposition JLI'JURLHI == &, LoUp—
decomposition §LI"]Lg E@Eﬁ' it b= ) ® | % [J‘EATF%E\HJ‘ [ =P'LU ¥ A=P'LyU,.

(*Strangfi "' |Fij: LU—facterization (<~ *itriangular facterization) fLI'JLERHTA
= £, ”Eﬁ[]‘;#%}ﬁﬁ?ﬁPA =LU.

|

€D

(172) 132 172 | (4)(3)
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i

SR
1 32 12
~ |0 =5 2|15~
0 -1/2 9/2
1 32 12
~ 0 1 -2/5
0 0 43/10 | (10/43)
S A=LU, E
2 0 0
L= 14 -5 0 , U=
3 —1/2 43/10

1
0
0

1
0

3/2
1
-1/2

3/2
1

12

~2/5 | (1/2)
9/2

32 12

1 -2/5

0

1/2

2/5
1

345

O 3EMBE [ &*80%X[[8] ]

Let

1
A= |2

3

7
8
11

find an LU decomposition of matrix 4, where L is a lower triangular matrix with all diagonal

elements 1, and U is an upper triangular matrix.

[543 871 CH3 227, #577]28
AAE SR

]

3 |1
~ 10
0
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. A=LU,

Hifruv=10 -3 —6|,L=|2 1 0

0 3EMIS [ ¢ *83evX[[4] ]

2 2
Let A= .Find a unit-lower—triangular matrix L; , a nonsingular diagonal
4 -1
matrix Dy , and a unit-upper-triangular matrix U, for which A=L,D,U; . (5%)
[i] -
2 2| (-2) 2 2| (172) 1 1
4 -1 0 -5 (1/5) 0 1
2 2 1 0 2 2 1 0 2 0 1 1
. A pum— pu— pu—
4 -1 2 1 0 -5 2 1 0 -5 0 1
1 0 2 0 1 1
Ll - 7D0 - ) Ul -
2 1 0 -5 0 1

O3E[MN [ ©*79 ~[16] )

Solve the following linear system using the LU—factorization, given below, of its coefficient

matrix.
6x1—2x—4x3+4x4=— 2
3x1—3x,—6x3+ x4— -4
—12x1 +8x+21x3—8x4= 8
—6x1 —10x3 4+ 7x4=-43
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i
il
=)
(s
o

[Eﬂl 1°§:—GLI'77E"V$E[§EIA$§(L = ngglﬁﬁ:—; e

6 2 4  4(¢12) @ ()

3 3 -6 1 A

6
0

s 82l s Tl 413 od
0

o0 T 2 14 11
6 2 4 4 6 —2 -4 4
0 2 -4 -l 0 2 -4 -l
0 0 -10 12 o 0 o 8
S A=LU, Hili
1 0 0 0 6 0 4 4
1/2 1 0 0 0 2 4 1
L= U=
-2 2 1 0 0 0 5
-1 1 2 1 0 0 0 9

g LUx=b
) y=Ux, i Ly=b:
Y1 = 2
(172)y1+y2 — 4
< 2y —2;m+ys = 8

V1T —2y3 = 43
(et

V= 2, =5, = 2, p=-32
Flife Ux=y:
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6x 1—2X2—4X3 + 4X4 =2
—ZX2—4X3 — X4— -5
SX3 —2)64 = 2

8xy =-32
(st
X4— —4, X3— —6/5, X2:69/10, X1:9/2.

O3EMEY [ ©~79:¥%[[8] ]

Find the LU-decomposition 4 =P LU by performing Gauss elimination with interchanges

where
2 4 0 =2
-4 -8 0 3
A=
3 7 2 4

(V)]
(o)}
—
éo

(i) LU AT Ry @ik (FLCH3E2E29), I ey R [puB )N IF TR iR { FE
o) NCa i)

2 4 0 2| (2)(32)(52) «— |
4 8 0 3
3 7 2 4

\1
~~~
~
g

— b

S O O N
(e

[\ e N )
L




>
»

i
i
o
(i
o

l
o o o

S o O
S o O

(2] (F2E])

S o O

S o O

o DO O

25

L
I
[

h
b
L
Iy

S O O N

—

Uy

— b

— Lk

S O N O

349
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N O O

N O O

NoRE S I - =] N O O

N O O

2| (1/2)

-1 @) D)

T ®

~1 | (1/-1)

25 | (1/9)

25/9

[

—— b

ITT1

ITTI

h

h
Iy
b
I

L
Iy
b
I

SEARE S R
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1 0 0 O A I
0O 01 O Iy I
0 0 0 1 I3 I3
0O 1 0 O I3 Iy
1 0 0 O
0O 01 O
JIAJP: ,
0 0 0 1
01 0 O
[l PA=LU, H i
2 0 0 0 1 -1
3 1 0 0 0 7
L= , U=
5 4 9 0 0 25/9
—4 0 0 -1 0 1
0 3EME] [ %*80:YE[[1](A) ]
0 0 4 2
A= 2 4 6 2
-4 -8 -10 2

(A) Find a LyUy-decomposition A =P ‘LoUs .

(] (A)
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A= 2 4 6 2| @O ~1|2 4 6 2

0 0 0 2| <5

-

0 0 2 2| <5

0 1 0 I I

0 0 1 11 - 12

1 0 0 L l3
0 1 0

10 0
I PA=LoUs ,
2 4 6 2 10 0
Ht U= [0 0 2 2|,L= |2 1 0
o 0 0 -2 0o 2 1

. A=P 'LoUy=P'LoU,
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i
i
=
(i
o

O 3ENN [ {76 (3] ]

0O I 1 1

I 0 1 1
A=

1 1 0 1

I 1 1 0

(a) Derive three matrices P (a permutation matrix), L (a lower triangular matrix) and U
(an upper triangular matrix) such that PA=LU.
(b) Use the result of (a) to compute detA.

(2] (a)

1 0 1 1| (1) <

0 1 1 1| 1) (1) ¢é—on
1 0 1 1 —1

0 1 1 1 1

10 1 1 1
T o o0 2 4

0 0 -1 2| (2 «—1
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0 1 1 1| ¢—1
1 0 1 1| ¢—1
0 0 0 3| «—iy
0 0 -1 2| «ph
0 1 0 0 L I
1 0 0 0 I L
0 0 0 1 L Is
0 0 1 0 Is L
0 1 0 0
1 0 0 0
_IAJ P:
0 0 0 1
0 0 1 0
1 0 0 0 10 1 1
0 1 0 0 o 1 1 1
Hll PA= —LU
1 1 1 0 0 0 -1 -2
11 2 1 o 0 0 3
(b) 0 1 0 0
0 0 1
1 0 0 0
detP= =D |1 0 0]=.=1
0 0 0 1
0 1 0
0 0 1 0

.. detd=(detP)(detd)=det(PA)
=det(LU)=(detL) (detl)
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1 0 0 O 1 1 1
O 1 o0 o 0 1 1
1 1 1 O 0 -1 =2
1 1 2 1 0 0 3
=1-(—3)=-3
O 3ENME [ % A81%Y%[[4](a) ]
0 01 0 1 0 0 O 3 2 3 4
1 0 0 O -2 1 0 O 0 2 1 1
A=
0O 1 0 O -1 0 0 0 4 2 5
0 0 0 1 30 0 1 0 6 3 1
(a) Finda P'LoU, decomposition for matrix 4.
(1@ 1T 1T
0 1 0 1 0 0 O 3 2 3 4
0 0 O -2 1 0 O 0 2 1 1 (-2) (-3)
A=
0 1 0 O -1 01 O 0 4 2 5 A
0 0 0 1 30 0 1 0 6 3 1
0 10 1 000 1 0 0 3 2 3 4
1 00 2100 0 0 0 0 2 1 1
0 00 -1010 0 1 0 0 0 0 3 (2/3)
0 01 3001 0 0 1 0 0 0 =2
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oo 1 o0|l1 000|100 0]
1 000||=2100]]0100
“lo1 ool 01 0]lo21 0
0 0 0 1 300 1|/0 3 01
10 0 0323 4
0 1 0 0 0 2 1
0 0 1 0 0003
0 0 23 1]/0 0 0 0
0 0 1 o]l 1 0 0o oz 2 3 4
1 0 0 0| |=2 1 0 0 0 2 1 1
“o o1 0 ol a2 1 o 0 0 0 3
0 0 0 1 33 231010 0 0 0
0 1 0 o0 1 0 0 o] 3 2
0 0 1 0 2 1 0 0 0 2
P= , Lo= , U=
1 0 0 0 -1 2 1 0 0 0
0 0 0 1 33 231 0 0
O3EEE [ 4 ~85:¥%[[7] ]
EER
0 0 1] |2 o o oo 2
A= |1 0 0 3 3 0 0 1 3
0 1 0 5 0 1 0 -3 -1
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(1) sFAfv—~ [WPILUST . (3%)
(2) Fitlirankd .

i

S 5

(3) det4 ="

(4) detd ' =2
(5) FipHiba, =5 I'F'Ej'ﬁﬁjzéiﬂﬁgﬁ AX=b, ¥ "|Gauss {17 F A5 A5 [Fupper
1k AV % Fe i elementary matrix (I FeE =
(3%)

triangular matrix. ﬁlﬂ
o R,

(1%)
(1%)
(1)

5

il
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(6) Foilife i I upper trangular matrix.  (1%)
2 X
(7) #b= | 0 | iAX=b, X=X, | =2 (2%
0 X;
(=] (1)
0 0 -2 0 0 I -1
A =10 1 -3 3 0 0 1
1 0 5 3 8 0 O
) 3
(3) 48
(4)—1/48

0
0

1

0
1
0

1
0
0

0
1

0

1

0
0

0
0
1

-1/2 0
0 1
0 0

(5) [R5 N LA AT A 2

0
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(6)

(7) AX=b 9[| P'LUX=b.

H P'zZ=b W Z=Pb= |0 0

Fi LY=Z, 1|
-2 0 0
-3 3 0
5 3 8

P[] H —2Y,=0,

Py

4

1 0

Y 0
Y2 = 0

Y; 2
-3 Y1+3Y2=0,

SEARE S R

I 0 0 1 0 O I 0
0 13 0], 0O 1 0}, 0 1
0 0 1 0 3 1 0 O

Z=LY=LUX.

0 2 0
1 0(=10
0 0 2

5Y1—3 Y2+8Y3=2

f}’i'»fﬁ e Y1=0, Y,=0, Y;=1/4.

1 UX=Y, 1|
1 -1 2
o 1 3
0 0 1

Xi 0
X2 = 0
Xz 1/4

Eﬁlﬂi)ﬂfg Xl—X2+2X3=O, X2+3X3=0, X3=1/4
AU Xy=1/4, Xo=-3/4, X\=-5/4.
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X=|-3/4
1/4

[Fif]
(1) pNA=Tji s~ Iﬁﬂ GIfuPTLUS i, T r%}{ﬂAi@H T ETEETE.
(R R, ﬁ?{‘u = RS CH3 A28y

00 1|2 o0 of]1 -1 2
A=11 0 0] |3 3 of|]0o 1 3| @3
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(2)

0 O
=1 0
0 1
_01
=10 0
1 0

rank4 =rank

=rank -3

=rank | 0 1

SEARE S R

ol (1 00| |1 0oO0]|]|1-12
o|llo3 0] |01 0[]0 1 3
1103 1|00 8| |0 01
0 o |1 -1 2

3 0l]0 1 3
3 8|0 o0 1

0 o |1 -1 2

3 0|0 1 3

3 8|]o o 1

_T — J— — J—

0 2 0 0| |1 -1 2

1 3 3 o0|]0o 1 3

0 5 3 8]0 o0 1

1 -1 2

0 1 3 GilsELCHB E2R116)
0 0 1

GiEsE.CHS 2RI 16)

GEsEICH6ERI23)
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det

3)
0 1 0
det4 =det 0o 0 1
1 0 0
0 0
detd=det | O 1
1 0
=1-(—48)=—48
4)
det(4™")=(detd) ' =-1/48 .
(5)&(6)
0 0
i), 4= |0 1
1 0
-1
2 0 0
3 3 0
5 3 8
L
-1
2 0 0
3 3 0
5 3 8

1 0
0 1
0 0

det
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GiksE.CHAE2R15,6)

(FH56CHATE2E16)
-1 2
13 ()
0 1
-1
1 G2)
0
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0 1
0 0

1 0

0 1/3

0 O
0 O
1 0
0 1
0 1
1 0
0 O
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0 0 0 1
0 1 0 O
A=
1/2 0 0 0
0 -12 1 0
L _ #

(ST 2 REA=1 55 iRy [, I R S po e e .
— p— -1 p— —

-1

1 0O 0 O _1 0 0 O 0 0 1 0_
0 1 0 O 01 0 O 01 0 O
A= GAsBLCH2 H2E2)
0o O 1 0 00 2 0 0 0 0 1
0 12 0 1 0 0 0 1 1 0 0 O
_1 0 0 O_ _1 0 O 0_ _0 0 0 1_
01 0 0|01 0 0[]0 1 0 0]GHECHLEI3ETY
oo 1 olloo 12 0| |1 0 0 ofGacHEsApEY
0 -12 0 1 0O 0 O 1 0 01 O
_1 0 0 0_ _0 0 0 1_
0 1 0 0 01 0 0
_ (AECH3H 2E4)
0 0 172 0 1 0 0 O
0 -112 0 1 0 0 1 O
_0 0 0 1_
0 1 0 0
N 1/2 0 0 0
0 -12 1 0
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Let P be an n by n permutation matrix and 4 be an n by m matrix. 4P reorders the columns

of A. How about A™'P does?

(] A'P Q}iﬁél_lﬁ%olumns
[?ﬁ?‘%] i%@ﬁ[ﬂ\ﬁi‘ WT‘iminE\ﬂjTﬁ:"EJAP. ﬁJ_E'A“J%%ﬁ\FI‘ﬁ.
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