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REEIL4A:  F{RTOILET

T AAGHE [ 7 <790 41 ]
( Yes or No question and explain the reason:)

(iii) Let V be the n-dimensional vector space, T:V——>V a linear transformation such that
T°=0, then T=0.

[i#] NO
HREEPH TR —R?, T, »)=(0,x)
I T(T(x, y))=T(0, x)=(0, 0)
. TP=0, (Vv,T'v=0)
HT#0. (@vifitH Tv#o)

T1ABHE [ 7 s2fE1s] ]

By the order of a nilpotent matrix N is meant the least integer k such that N*= 0. Observe that
if k=1, then N=0. Verify that:

(a). If M is similar to a nilpotent matrix &, then M is nilpotent and has the same order as N.
(b). A nilpotent matrix is singular.

(c). No nonsingular matrix 4 is similar to a nilpotent matrix.

[5i#7]) iﬁorderﬁﬁ 'ﬁﬁ Fiindex. (GHBLCH147E51)
[i#] (a). Mis similarto N 5 & 7 [ s B[P, i N=P 'MP.
M| N'=(P'MP)=P'M'P
N'=0 > M'=0
NEinilpotent <> M¥Einilpotent, =" El order/u\ﬁ'[ﬁj.
(b). HilorderthAfnilpotent N,
(detN)*=det(N*)=detO=0
.. detN=0
.. Nthsingular matrix (FHABLCHAEENT)
(c). f@l%? |nonsingular matrix 4 #f!{I % nilpotent matrix,
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Fli (a)zﬁ[ﬁ (77 i H[14+" “3EfLnilpotent matrix,
FIf I(b)fﬁﬂ (73 B 514~ Fi f:Lsingular matrix, ;ﬁiﬁﬁﬁ’?&:ﬁﬁ o
B Fj:fj lF;F%EjA

1 4ARK] [ 4478 [4](a) ]

(a) Can a nilpotent matrix be nonsingular ? Explain.

CORORNNE
[ 1] Ip .
[EF 2] F 4YEnon-singular(}i' i),
H[l4*=4 - AE%non-singular GHERBWCH2EZE12(D)
. A*=A47 - AElnon-singular
" %ﬁgf_ﬁiljé%ﬂﬁj‘g‘?k, A" ﬁﬂi{non—singular
" Ak:O;}TE*}]". ("." O%isingular)

1 4AREY [ 862 7 [6] ]
Recall that an nxn matrix N is nilpotent if N" = O for some integer m.

(a) Show that the eigenvalues of a nilpotent matrix N are all zero.

(b) Show conversely that if the eigenvalues of a matrix NV are all zero, then N is nilpotent.

X

L] 4R R, FRBRsCHI4ER7, P T
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14 BEEN [ §;7-80%¥ [6] ]

[ True or False Problem ]

Let 7T be a linear operator on a finite-dimensional vector space V, and let x, y& V. If W is the

T-cyclic space generated by x and W is the T-cyclic space generated by y, and W= W', then
X=y.

[5i47]) f'ﬁfﬁiﬁ i N IR VY WE T IHE- GHACH147E2E112)
R4 (" FiJordan formflu P+ ZHIE~
[i#] False, ™~ Y™ :

r 0
V=R>*', T:V—>V EHR T =
S r
1 1
X= s V=
0 1
1 0 0 0
HI Tx=T = , Tx=T = ,
0 1 1 0
1 0 0 0
Ty=T = ,Py=T = ,
1 1 1 0

=] w=w'=R>", {fix#y.

[ 4BEHA [ {837 [5] ]
[z

Let V' be a finite-dimension vector space. Which of the following statements are true ?

(1) There exists a linear operator 7 with no 7-invariant subspace.
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(2) Let T be a linear operator on a finite dimension vector space V', and let x and y be elements
of V. If Wis T-cyclic subspace generated by x , W' is the T-cyclic subspace generated by y,
and W=W", thenx=y .

(3) Let T be a linear operator on a finite dimension vector space, then there exists a polynomial

2(?) of degree n such that g(7)= O (zero transformation).
(4) If T'is a linear operator on V, then for any x € V, then 7-cyclic subspace generated by x is
the same as the 7-cyclic subspace generated by 7(x).

(3R] B7(3) ] R Jn = dim PR fE .

(5347 ] gk, Fifeyclic subspace ® | HEHI[IVAS 7 7.

(] %(3)

(FIFiY (1) (PR pr e g R 2= pyp e iRl (. GRRS.CHITER30)

_p_ _0 0 O_ _p_
Q) Flip T: R*—>R* , T(|q|)=11 0 0 q
r 0 0 3 r
n _O_ _O_
x=10|.To= |1| , T"®)= |0
0 0 0
_1_ _0_ _0_
y=1|1],T0)=|1] , T°G)= |0
0 0 0

xHlypT-cyclic subspaceﬁﬂﬂxyi" . (FIxy.
(3) [l1Cayley-Hamilton 2RI 5[|# . (GHEECH1672118)
(4) YEQ) | FERYES . T(x)pYT-cyclic subspaceflyifill, “=x[1UTcyclic subspace
AL




/_1-,__]_‘1:

¥ % 14-5

i

1 4Bk [ * TI82fEEY13] ]

Let 4 be an nxn matrix and let x; be a nonzero vector in [R".
(a). Show that there is a first integer £ such taht the vectors

x1, Axy, ....,Ak_lxl ,Akx
are linearly dependent. Why is k <n ?
(b). Conclude that there is a polynomial m(A) of the form
m(A)=co+cid+ .. + a A+ A
such that m;(4)x; =o0. Why is m;(A) a polynomial of lowest degree such that m;(4)x;=o0 ?

(2] (@)1 x1, Ax, . Ay AT SRR FE A R
HET F,n+1|[ IR SR R (FHACH6 FTE19.2)
oxn, Axy, e, A X, A ?ﬁl_iﬁ[%%
i I x, Ax, . LA Ty, Al X ?@LEC?FE'%%
ANEH,  k=min{i | x), Axi, ... ,Aiflxl,Aixlﬁét[\gkﬁiréﬁ 3,
k<n
(b). R pAfv s, [+ = EVHRTY ao, @i, ., ax fjlUH
a1 +aAxi+ ... —I—ak,lA x1+akA X1=0.
B0 . (P I TR | 1)
—?J ci=ailax ,i=0,1,...k—1 .
HIl coxy+cidx + ...+ e d e+ 4% =0,
=] (cot+ctd+ .. a1 d "+ A% =0,
mi(A)x;=o
@I%"EJ %fgj?“p(x)ifxﬂ]ﬁlp(A)xl:o, = degp(x) <degm(x),
4 p(xX)=bo+bx+..+bx",  b,#0
A i<k, = (bot+brd+ ...+ bpad™ +bpd" =0,
" box1+biAxy + o by A xy o+ bpd" =
X1, Axy ey A"y, A" Xy ﬁﬁkl‘ﬂiﬁ[%%
IFHE*'?kEfJEL 4 ‘[‘i:/""’F‘] .
LT po)-
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