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1. (25%) =188 7]
Consider the linear operator 7:[R*—R?* with T(x, y)=(2x, x+y)
(a) Find matrix A, the matrix representation of transformation, with respect to the basis
B={(1,0),(1,2)}. (7%)
(b) Use similarity transformation to determine the matrix 4' with respect to the basis
B'={(-2,3),(1,-1)}. (10%)

(c) If up=(2, 6)', use transition matrix to find ug.  (8%)

[5347) + fe R E107C.
() R LT B 1B, L B 9B
{E]é] (a) & T(1,0)=a(1,0)+b(1,2), T(1,2)=c(1,0)+d(1,2),

[
(o 2SR YRR 0=3/2, b=112, c=1/2, d=3/2.

32 172 ’ _
A= GEsBICHTE:35.9)
12 32

(b) (2,3)=(-7/2)(1,0)+(3/2)(1,2), (1,-1)=(3/2)(1,0)+(—1/2)(1,2)
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2.(25%) [ZP18s” 7]
Let I R*—>R® with T(«)=Au, in which

1 2 3
A= |0 -1 1
1 1 4

(a) Determine the kernel of 7. (5%)
(b) Find a basis for the kernel of 7. (5%)
(c) Determine the range of 7. (5%)
(d) Find a basis for the range of 7.  (5%)

(e) Show whether the transformation is one-to-one. (5%)

[5347] 4 JEGH- FEEI08A.

[i2] (a) - -
1 0 5

FBEETEE | 0 1 -1

0 0 O

KerT={[x, y, z]" | x+5z=0, y—z=0 }={[-5¢, ¢, 1]" | tE R}

(b) KerTJIFL RV EG {[-5, 1,177 }

1 0 0

(C) ARZFFEET(4E | 0 1 0

Im7=CSPA={[s, t, s+1]" | s, t€ R}

(GksBLCHB 2150, CHS &5 5121)

(GiksBL.CHB 2! 50, CH5H(]18)
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(d) ImTPORLEVES {1, 0,177, [0, 1, 17" }.
(e) "." KerT#{o}, .. T} klone-to-one. (GHASLCH ZEIT)

3. [EP188” )

Diagonize matrix 4 and give the similarity transformation, in which

2 0 0
A= |2 2 1 (25%)
2 0 1

(5507 4 Rt T 12C. ﬁ?éﬁ&ﬂﬁﬁﬁcmzﬁfﬂn
(] GEras

, P'AaP=1] 0 2 0

4.(25%) [EP1887 ]
Let vector v=(3, 2, 1) be a vector in [R* and W be the subspace of R’ consisting of all
vectors of the form (a, b, a+b)

(a) Decompose v into the sum of a vector that lies in # and a vector orthogonal to W. (15%)

(b) Find the distance of the point v from subspace W. (10%)

(554 g JE 1 1B,

[i#] (a) (a, b, atb)=a(1, 0, 1)+b(0,1,1), W=span{(1, 0, 1),(0,1,1)}
Wt=span{(1, 0, 1)x(0,1,1)}=span{(—1,-1,1)} GHEBWCHIEZA11)
F% v=ptq,pEW, gE W™

R (3,2,1) - (-1,-1,1) o
q = VEWT VY, = (-1,-1,1) (GERSLCHI 2R 12)
(-1-1,1) - (-1-1,1)

= (4/3,4/3,-4/3)
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p=v—q=1(5/3,2/3,7/3)

O A=l qll=443 /3

5.(15%) [ZP1887 ]
Let 4 be an mxn matrix. Show that the linear system 4X=b has a solution for every mx1

matrix b if and only if rank(A4)=m.

(o3 47] 4 e R103B.
€ Vmx1¥iffib, AX=b | i

< Vmx1%ilfib, be CSPA Gi56.CH3 2 1 1a)
&= CSPA=R™!

> dimCSPA=m (JfI = #5515 CHO ¢ 21 22a)
& rankd=m (GHEACHS E#:13)

6.(35%) [=P1887 ]
In ]R4, let I be the subset of all vectors v=(a\, as, as, as) that satisty as—as=ar—a, .
(a) Show that W is a subspace of R*. (10%)
(b) Show that $={(1, 0, 0,-1), (0, 1,0, 1), (1, 1, 1, 1), (0, 0, 1, 1)} spans W.  (10%)
(c) Find a subset of S that is a basis for W.  (10%)
(d) Express v=(0, 4, 2, 6) as a linear combination of the basis obtained in part (¢).  (5%)

[5547) % FEa) B REEJ0SB. 7 [ (b)Fih  REE]05C. 7 [ () B [EE]06C.
+ () FFEI03A
(] (a) W=, FEFRITEA (CHS D)
Y (ai, az, as, as), (b1, by, by, by)) EW, Vscalar h, k
h(a\, aa, as, as)tk(by, ba, by, bs)=(hai+kb\, haytkb,, hastkbs, hastkb.,)
(hagtkbs)—(hastkbs)=h(as—az)tk(bs—bs)=h(ar—a\)+k(by—b))=(haytkb,)—(ha,+kb;)
L h(ay, an, as, as)tk(by, ba, by, by)EW.
(a) [PIE] W={(a1, aa, as, as) | as—az=ar-a\}={(a1, az, a3, as) | ai—ar-az+a;=0}
=ker[ 1,-1,-1, 1]
O WRLR YA R, GHBLCHS 2 14)
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(b) SHIS B i asas=ar-aifiofE T, . SCW,
Y(ay, ay, az, as)) E W,
(a1, @z, a3, as)=(az, az, as, as)=a»(1,1,0,0)+a4(0,0,1,1)
=a5(1,0,0,—1)+a(0,1,0,1)+a4(0,0,1,1)
. spanS=W.
(b) [HIi#] dimW=4-rank[1, -1, -1, 1]=4-1=3.
SHVS LB (i asas=ar-aifiSFTE, . spanSELIIO 4]

1 0 0 —1_ _1 0 0 —1_
ot o1 | o101
L1 on o |FTRERTRA
0 0 1 1 0 0 0 O
". dim(spanS)=3=dimW. GHSLCHO6EE123)
. spanS=W. (FEALCH67E2E22a)
() }{—jSF[J 1ii ﬁwﬁf@'* PRSI, F) I ET:
1 01 0 1 0 1 0_
o110 o110
0 0 1 1 ﬂ*i‘/[Jﬁﬁ[ & 0 0 1 1
-1 1 1 1 0 0 0 O

' pivot"& 571,2,377,
. JRUFIIAY 531,2,3 = F = AV BL. GHBCHOE2E24)
{(1,0,0,-1), (0, 1,0, 1), (1, 1, 1, )} ERIV FL k.
() F%(0426)=a(1 0,0, —1)+b(0, 1,0, D+e(1, 1, 1, 1)
F [ﬁjgnrﬁ O0=a+c, 4=b+c, 2=c, 6=—a+b+c.
Efi—(ﬁ a=-2,b=2, c=2.
©(0,42,6)=-2(1, 0,0, -1)+2(0, 1,0, )+2(1, 1, 1, 1)



