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1.(10%) [ & ~90%r ]

Let R be the set of real numbers and
S={E€R”*| VA€ R*?, det(4+B)=det(4)+det(B), where B=FA }.

a b
Find S. ( Hint: let £ = and solve a, b, ¢, and d.)
c d

[O3#7] 4 R RETI04A. |1 [Z]5kSCHAE2R6.
(]

E€S
= VAER??, det(A+EA)=det(4)+det(EA)
> VAER??, det((I+E)A)=det(4)+det(EA)
= VA€ R??, det(I+E)det(A4)=det(4)+det(E)det(4) GRS CHAEZEI6)
= VAERY\ {Ony2}, det(I+E)det(4)=det(4)+det(E)det(4)
& det(I+E)=1+det(E) (P ﬁj [ det(4))

1+a b a b

=1+

—

c l1+d c d
— (1+a)(1+d)-bc=1+ad-bc
<= atd=0

a,b,ceR
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2. (8%) [ ¢90%Y" ]
For each fe ([0,1] define L(f)=F, where
F(x)= J f(t)dt, 0<x <1
0

L is a linear transformation from C[0,1] to C[0,1]. Are L(1), L(x), and L(x*) linearly
independent? Prove your answer.

(5577 4 R JE T 06A. ﬁ%ifﬁﬁﬂ%q@gcm@%w CH6#E y112.

U] 451D, FrL(x), FsoL(), (5

/3 ,

5f0< x <1, Fl(x)=J‘ ldt=x, Fz(x)=J tdt=x%2, Fg(x)=J‘ £dt=
0 0

0
Fy, Fa, 3Rt | Gapg™ .
T aF\+bFytcF=0, (O%LCI0,1] FPVasiFED)

Hl Vx&[0,1], aF(x)+bFa(x)+cF3(x)=0, g Vxe[0,1], ax+bx*/2+cx’/3=0

L Vxe {1,172, 1/3}, ax+bx*2+ex’/3=0
a+b2+c/3=0, al2+x*/8+c/12=0, a/3+b/18+cx’/81=0

He A VR H a=0, b=0, ¢=0. (CH4EEI18)

3.(12%) [ & ~90%v ]

Prove or disprove the following statements:

(a) Let S be the subspace of R spanned by e; and let T be the subspace of R* spanned by e.

Then SU T is a subspace of R (4%)

(b) VAE R¥* AE=EA for some E< R*?. Then either E=0 or E=I, the identity matrix. (4%)

(c) Let A and B be nxn matrices. AB=0 if and only if the column space of B is a subspace

of the null space of 4. (4%)

[347] # @B REE]05B. 7 RE(b) P REE[02A. 7 fE(c) ¥ EE]0SC.
1 li(a) ] JH[er, eaff T ZHIEL(1,0), 0,1)
[##] (a) [Disprove] ey €ESUT, e2€SUT, [fleite,eSUT,
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(b) [Disprove] fﬂvazzlﬁwf%ﬁr “VAER™ AE=EA”, {[7"ZFORYI.
(c) [Prove] AB=0
& VxeR™ ABx=0
< VzeCSP(B), Az=o GREELCHS 2RI 7)
&= Vz&CSP(B), zEker(4) GiERRCH5 H:35:19)
&> CSP(B)Cker(4)
{ﬁjq‘]?r’ﬁ o Y E LG < VAER™ AE=EA”,
P A=Epp, p=1,2,...,n, 8 EFF, [T {EH EXLEE
T)E=diag(dy, do, ..., dn), F|I'JA=Epg [~ * [EFF, IR ER dp=d,.
I, E=kl.

4. (10%) [ ¥90%Y" ]

Consider Ax=b where A is mxn. Answer the following sub-problems with T(True) or F(False).

(a) If the rank of 4 is n, then there is a solution. (2%)

(b) If the system Ax=b has one solution, the it has the same solution as A" Ax=A4"b does. (2%)

(c) If rank(4)=min(n, m), then there exists a least squares solution given by x=(A"A) A b. (2%)

(d) If rank(4)=n, then the least squares solution is given by x=R 'Q"b where matrices O and R
are the OR factorization of 4 with A=0R. (2%)

(e) If b&R(4)™, the orthogonal complement of row space of 4, then 44’ 5=0. (2%)

(o347 A A REPHARL AR, (N (e)(d) V| TR P R 8 B el PR
| () B R 5 OSE. ﬁ%ifﬁaﬁ%ﬁ'\CHS%jES
() (c)(d) FP R EOIE. ﬁ%%&ﬂ%ﬁ&'\CHWﬂgfﬁQla. | REb) lElfJithL_fF'[
“the system Ax=b"
TR FIREE]T1C. ﬁ%ifﬁaﬂ?%?ﬁ'\CHl 1 H2F123.
[##] (a) False.

Fln m=3,n=2, A=1| 0 1|, b= | 0|, rankd=n, {[lAx=bZ i,
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[fé'jﬁ] ¢@Eliﬁ9rankA=mmﬁﬁﬂTme- HP

CSP(4)={Ax | xe K™} C K™ GRESBLCHS 2RI T)
dim CSP(4)=m —> CSP(4)=K™! GHRELCH6EEI22a)
(b) True.
Hixo L Ax=bfII FAxo=bHEH A Axg=A"b, Tl |xg I fLA" Ax=A" b~ i,
Av=bIUHESE B 1L {xotu | uken(d) ) GHESCH3 R 1 1a)
AT Ax=A" bl f{t“ {xotu | u€ker(4'4) } GiHELCH3 2 1 1a)
(F1ker(4"A)=ker(4) GHFELCHO E2R120, Hr By
AL R E AR AR
(c) False.
1 00
I m=2,n=3, A= 010l rankA=min(m,n), {f! ATAi“'rT (gL

[?ﬁ?ﬁ] # REd5RY rankd=n mﬁﬁﬂTme. fﬂﬁlm[m:

rankA=n <—> dim ker4=0 (FREASLCHB EEIR)
= kerd={o}
= ApITE YR GiHFBLCHO7E2EN5)
SR =M TS ARl N (GiHABLCHS8 H2E21a)
(d) True.
rankAZnEH]f , ORJEAURRLTY 3 b= &l (GEACHOE2E19)
FIRx=Q"bE P2 RIS . GiHELCHO 2R 21 a)
(e) False.

AEhmxnifif, [lrow space of 4C R"™, ZVcomplement| it RIX“H I,
A" Ehnxm ¥, bE R, ZFE AT 5 4D
[Fﬁﬁﬁ] A f35Y column space ETJ\GT;’%EL_True. g

b& (CSP(A))*=(lkerAd) =ker(4")

ATb=0, ;. AA =0
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5. (10%) [ ¢90%Y" ]

Let 4 and B be two matrices and x be a column vector. Answer the following sub-problems
with T(True) or F(False).

(a) A Symmetric matrix has real eigenvalues and is diagonalizable. (2%)

(b) If 4 is diagonalizable and invertible, then 4" is also diagonalizable. (2%)

(c) If 4 and B are nxn matrices and 4 is invertible, then AB is similar to BA4. (2%)

(d) If 4 and B are diagonalizable, then AB is also diagonalizable. (2%)

(e) If 4 is a symmetric nxn matrix whose entrices are all positive, then the quadratic form

x'Ax is positive definite. (2%)

(oiFr) | R F 5] 13B. ﬁ%%ﬁﬁ%?&CHnéﬂls
' Ei(b)(d) B+ JE R 12B.
() B RERI0TD. i % HRSCHT 521
T RE() B ETI10C. % BFFCH10EEI28
[#] (a) True,

[P A A %'7 SR GHBCH13E2EN15)

R BUVIARLEREAT, (E R REE R R R
(b) True. GHBCH1672E13)
(c) True.

AB=A(BA)A™ (FHECHT F1122.2)

(d) False. ™~ {Jg[1™ :



