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線性代數解析--中央90資工所    廖亦德 解 
 

 本檔案保留著作權, 禁止任何未授權之散佈. 

 

1. (10%)   【中央90資工】 
 
Let A be an n×n matrix whose n column vectors are linearly independent. From the study of 

linear algebra, we know that the rank of A is n. Describe at least another 6 properties of A. 
 

【分析】本題屬於題型08E.  

【解】請參閱綜線CH8定理17 

 

2. (10%)   【中央90資工】 
 
Determine the plane : ax+by+cz=1 (i.e. find coefficients a, b, c) in R3 that pass through  

points (–1, –2, 2), (2, 1, –1), and (3, –4, 2).  
 

【分析】本題屬於題型01B. 請參閱綜線CH1定義19. 

【解】三點分別代入得:  –a–2b+2c=1,  2a+b–c=1,  3a–4b+2c=1 

      解聯立方程式(細節略), 得出 a=1, b=2, c=3.              

 

3. (20%)   【中央90資工】 
 
For each of the following two statements, if you think the statement is correct, then give a  

proof to prove that the statement is correct; otherwise give a counterexample to show that  

the statement is incorrect.  

(a) If any three vectors v1, v2, v3 in Rn are linearly independent, then the vectors 

   w1=v1+v2, w2=v1+v3, w3=v2+v3 are also linearly independent. 

(b) If T is a linear transformation that maps Rn onto Rn (i.e., for any vector y in Rn, we can 

   always find a vector x in Rn such that T(x)=y ), then T must be one-to-one.  
 

【分析】本題(a)屬於題型06A, 請參閱綜線CH6定理27c. 
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        本題(b)屬於題型08E, 請參閱綜線CH8定理11. 

【解】(a) True, 證明如下:                     . 

         若 aw1+bw2+cw3=o, 即 a(v1+v2)+b(v1+v3)+c(v2+v3)=o,  (欲證a=b=c=0) 

         集項整理得 (a+b)v1+(a+c)v2+(b+c)v3=o . 

         而已知v1, v2, v3線性獨立, 

         ∴ a+b=0, a+c=0, b+c=0.                             (綜線CH6定義9) 

         解方程式得 a=0, b=0, c=0. 

      (b) True, 請參閱綜線CH8定理11自證. 

 

4. (5%)   【中央90資工】 
 
If A is a 5 by 5 matrix with | aij | ≤ 1, then detA ≤ ? . Give the upper bound as tight as  

possible and give a reason to justify your answer.  
 

【分析】本題屬於題型04B. 請參閱綜線CH4定義4. 

【解】| detA | = | ∑sgn(σ)a1σ(1)a2σ(2)...anσ(n) |  

            ≤ ∑| sgn(σ)a1σ(1)a2σ(2)...anσ(n) | = ∑ | a1σ(1)a2σ(2)...anσ(n) | ≤ ∑ 1 = 5! 

      ∴ detA ≤ 120. 

 

5. (5%)   【中央90資工】 
 
                       1   1  1  1   
                                      
                      –2  –1  1  2   
Compute the determinent                . 
                       4   1  1  4   
                                      
                      –8  –1  1  8   
 
 

【分析】本題屬於題型04B. 請參閱綜線CH4範例12. 
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【解】   1   1  1  1     1   2  1  1     1   2  1  1   
                                                          
        –2  –1  1  2    –2   0  1  2    –2   0  1  2   
                       =                =                 
         4   1  1  4     4   2  1  4     3   0  0  3   
                                                          
        –8  –1  1  8    –8   0  1  8    –8   0  1  8   

            –2  1  2       –2  1  2     
                                          3   3    
      = –2   3  0  3  = –2  3  0  3  = 2         =72 
                                         –6   6    
            –8  1  8       –6  0  6     

 

6. (20%)   【中央90資工】 
 
對錯申論題(一定要有說明, 每小題答對給5分, 答錯扣2分, 不答0分) 

                                                         
                  a+3b                4a+3b            
                                                       
                   a–b                  0              
(a) Two vector sets         a, bR  and         a, b, cR  are 
                  2a–b                a+b+c            
                                                       
                    4b                 c–2a            
                                                         

   both subspace of R4. 

(b) If A is an m×n matrix and ColA=Rm, then  

   (i) linear system Ax=b has a unique solution for every b in Rm. 

   (ii) transformation x → Ax is one-to-one. 

(c) If n×n matrix A has n linear independent eigenvectors, then A is invertible and A–1 also 

   has n linear independent eignevectors.  

(d) If matrix A is diagonalizable, then the columns of A are linearly independent and A has 

   n distinct eignevalues. 
 

【分析】本題(a)屬於題型05C. 本題(b)屬於題型08E. 本題(c)(d)屬於題型12B.  

【解】(a) True, 



廖老師:  90IE中央.doc 4/8/2003 == 4 == 

                                                          
      a+3b              1      3                1  3    
                                                        
       a–b              1     –1                1  –1   
            a, bR = a    +b     a, bR =CSP           
      2a–b              2     –1                2  –1   
                                                        
        4b              0      4                0   4   
                                                          

                                          
      4a+3b                  4   3   0   
                                         
        0                    0   0   0   
             a, b, cR =CSP                
      a+b+c                  1   1   1   
                                         
       c–2a                 –2   0   1   
                                          

         定理保證4×n矩陣的column space為4×1的subspace.        (綜線CH5定理17) 

      (b) False.   

          (i)只成立一半: 必有解, 但未必唯一                   (綜線CH5定理17) 

            不唯一之反例與(ii)同: 

          (ii)不成立: 反例如下: 

                                                 
                          1  0  0                
            m=2, n=3, A =            ,  Col(A)=2×1  
                          0  1  0                
                                                 

                         
               5      5  
                         
            A  6 =A  6  
                         
               7      0  
                         

      (c) False.  反例如下: 

                                                               
               0  0  0                             1   0   0  
                                                              
          A =   0  1  0  , A有三個線性獨立之特徵向量 0 ,  1 , 0 .   
                                                              
               0  0  2                             0   0   1  
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          但A不可逆. 

      (d) False.  反例如下: 

                                                 
               1  0  0                           
                                                 
          A =   0  1  0  , A可對角化, 但相異特徵值只有2個.   
                                                 
               0  0  2                           
                                                 

 

7. (10%)   【中央90資工】 
 
                                                                        
                                                            –2  2  –3   
                                                                        
                                                             4  –6  8   
Find a base for the orthogonal complement of column space of matrix A=             
                                                            –2  –3  2   
                                                                        
                                                            –4  1  –3   
                                                                        
 

【分析】本題屬於題型11C. 請參閱綜線CH11範例24. 

【解】(CSP(A))=ker(AT)                                  (綜線CH11定理23) 

      解方程式 ATx=o : 

                                                        
       –2   4  –2  –4                  1   0   6   5    
                          列運算                        
        2  –6  –3   1  〜 ............ 〜    0   1  5/2  3/2  
                                                          
       –3   8   2  –3                  0   0   0   0    
                                                         

      通解為 [ –6s–5t, –5s/2–3t/2, s, t ]T ,  s,t為任意常數. 

      即 [ –12p–10q, –5p–3q, 2p, 2q ]T ,  p, q為任意常數. 

      即 p[ –12, –5, 2, 0 ]T + q[–10, –3, 0 , 2 ]T,  p, q為任意常數. 

      ∴ 基底可取為 {[ –12, –5, 2, 0 ]T ,  [–10, –3, 0 , 2 ]T } 

 

8. (10%)   【中央90資工】 
 
Find a least-squares solution of Ax=b and the least squares error associated with the solution, 
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           1  3            5   
                               
 where A =  1  –1  and  b = 1 .  
                               
           1  1            0   
                               
 

【分析】本題屬於題型09E. 請參閱綜線CH9定理21a. 

【解】解 ATAx=ATb , 即解: 

                           
          3   3  x1    6  
                    =       
          3  11  x2   14  
                           

      解得 x1=1, x2=1. 

      Ax–b2 = [–1, –0, 2]T2 = 5 

 

9. (10%)   【中央90資工】 
 
                                                     
                                          3  2   2   
Find a singular value decomposition of matrix A =            
                                          2  3  –2   
                                                     
 

【分析】本題屬於題型13F. 請參閱綜線CH13範例29. 

【解】1° 先對ATA做正交對角化: 

                                                   
                3   2              13  12   2  
                       3   2   2               
         ATA=   2   3            = 12  13  –2  
                       2   3  –2               
                2  –2               2  –2   8  
                                                   

         det(ATA–xI ) =  ...  = –x(x–9)(x–25) 

         解 (ATA–25I )v=o得出25的特徵向量 [1, 1, 0 ]T  

         解 (ATA–9I )v=o得出9的特徵向量 [1, –1, 4 ]T  

         解 (ATA–0I )v=o得出0的特徵向量 [–2, 2, 1 ]T  
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                1/ 2    1/ 18   –2/3   
                                   
         令Q =  1/ 2   –1/ 18    2/ 3   
                                     
                  0       4/ 18     1/3   
                                        

                                                
                                    25   0   0  
                                                
         則 Q為正交矩陣, 且QTATAQ=  0   9   0  
                                                
                                     0   0   0  
                                                

      2° 取奇異值矩陣 

                                                       
               5   0   0                    5   0      
          Σ=             .       ( 並且 S=           ) 
               0   3   0                    0   3      
                                                    

      3°                                        
                          1/ 2    1/ 18   –2/3   
              3  2   2                       
         AQ=              1/ 2   –1/ 18    2/ 3   
              2  3  –2                         
                            0       4/ 18     1/3   
                                                    

                                 
                5/ 2    3/  2    0  
            =                       ( = [ BC ] ) 
                5/ 2   –3/  2    0  
                                       

         將AQ的非零行單位化, 此時已是正交矩陣P : 

                           
                1/ 2    1/  2   
           P=              
                1/ 2   –1/  2   
                                 

         則得出奇異值分解式 A=PΣQT.            (讀者可自行驗算)   

 


