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ap a as r r r3
Let B1=+ by |, by |, bs > and Bp= < St |, | S22, |83 > be two
C1 C Cc3 I8l 1) 13

distinct ordered bases of R’
(a) Write down the change of basis matrix (from B to B, ).
(b) Let T be a linear transformation from R to R’ defined by

X 1 2 3 X
T( |y |)= 4 5 6 y
z 7 8 9 z

Write down the matrix representation of 7 with respect to the bases B and B».

[5347]) 7 fi(a) 5[ %]06D, (b) i %]06D07C.

[#] (a) B
P11 P12 P13

F%EI’?TF?E pa pn ps |, HI

D31 P32 P33




>

ok

=Pp11

=P12

=P13

al

by

~ .doc
90IS% =~ d

S1

141

r
S1

141

r
S1

4]

P21

tp2n

tp2s

Y]
82

1)

Y]
82

b

r
82

1)

r

§3

13

r3
§3

3

r3
83

13

1p3i

tp32

tp33

P23

P33

3/9/2003

+3%33)
AFEACHO6
("7

]
SeLCH2 E2E16)
(G



S
cke

90IS % = .doc 3/9/2003 == ==

a a as ry rn o rs P11 P12 P13

by by by | =151 s 83 P21 P22 P23 (;R SEWCH2 %:E_E[ 6)

cL C C3 nh b B P31 P2 P33
_ _ _ - _

P11 P12 P13 ry rn r ay a; as

P2 P2 P3| =|Ss1 S22 083 by by bs

P31 P32 P33 nh n B3 cr C C3

mpp mpp M3
WEr
(b)r.%’fl’?ﬂ‘ £ | ma omyp omy |, JI

m31 msy m33
al r " r3 ry r r; mi
T(| by |)=my |81 |+Tmy |s2 | +tm3 |53 |= |81 852 83 my|
C1 141 1) 1] n b B3 ms3)
ap r r r3 ry rn o rs mia
T(|by|)=mp |81 |+Tmyn |s2 |+tmz |s3 | = |81 52 S3 ma
2 141 b 1] h b B ms;
as r r rs3 ry r r mis3
T(|bs|)=ms |81 |+Tmy |s2 | +tm3z |s3|= |81 52 83 ma3
C3 4] 1) 13 nh n B3 ms3
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1 2 3 a re o r 1 myp

4 5 6 by |=1|s1 s 53 my

7 8 9 C1 h th bt m3

1 2 3 a rn o r my2

4 5 6 bz = 1851 S22 83 my»

7 8 9 o h th B m3»

1 2 3 as 14 r r3 mi3

4 5 6 by | =|s1 s2 83 mo3 (AT )

7 8 9 Cc3 Hh h 1 ms33

1 2 3 a a @ rnor n myy mp M3

4 5 6 by by by |=]|s1 852 83 myy My My

7 8 9 T 0 . h b B m3; Mz Mms3
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mm1 mo> Mmo3 = S1 S2 853 4 5 6 bl bz b3

m3; M3y mM33 h b B 7 8 9 c1 ¢ C3
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(a) VvER’, [vls= P [v]s, GHRELCHOE2EI33)
CWVER, VIs= O Vs, GHRBLCHOEIEI33)
YWeR’, [Vs,=0 " [Vs=0 'P[vls
SRR, 0P GHBLCHOH2EI33)
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(b) FETHIEHS, TR M, ETHIES, ST 50,

5v€R3, [T()]5,= M’[V]5, GHRELCHT E2E15)
i [T0)]s,= O '[T0)]s (FHASCHO E2EI33)
=0 'M[v]s (HRSLCHT7E2EN5)
=0 'MP[v]s, GHRELCHOE2EI33)
CoOEEREL O'MP GiEBCHT7 2R 15)

2.(7%)  [& ~90%v&[]

1
Consider the vector space C[—1, 1] with the inner product { f, g) = J f(x)g(x)dx
-1

(a) Write down the Cauchy-Schwarz inequality ( with respect to this particular inner product).
(b) Consider the subspace W=span{1, x, x*}. Find an orthonormal basis for W.
(c) Find the orthogonal projection of x* onto the subspace .

(O3] 4 IR IERI09C. 2 BURCHO L2, CHOLR16.
[i%] 1 1
] (a) 2 { J‘ s

-1

{ J‘ g(x)zdx
2 -1

(b) Letup=1, uy=x, up=x".

1
{ J JS(x)g(x)dx
-1

u()':u():l .
1

1
(ug', up"y = J ldx=2. (uy,ug)= J xdx=0
-1 -1

(uy,uo") 0
u'=u — ———u)=x— —— - 1=x.
(uo',uo") 2
|
(uy' uy"y = J x’dx =2/3
1
| |
(up,up"y = J‘ ¥ dx=2/3. (uz,uy"y = J‘ X dx=0
—1 _1
(ua,u0") (ur,u1") 2/3 0
W= ———— U — ———u =x'— ——1 - x=x"—1/3
(uo',uo'y (ur'ur") 2 2/3
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{1, x,x~1/3} is an orthogonal set .

1
(' un') = J(x2—1/3)2dx = 8/45
-1

o' || = (' g’y > = s ol | == 273
' | =o'y 2= 8/45..

S 1/\) 2, J 32 x, J 45/8 (x* — 1/3) } is an orthonormal set.

o3 ug'y = J X dx=0. o'y = J xtdx=2/5
-1

-1

1

o3y = J‘ X =1/3)dx=0

-1

Bl w%{/& £, (GFHALCHIHE12)
O gy o'y o uy) 2/5
— uo' + up' + Uy = x=(3/5)x
<u0',u0'> (ul',u1'> (uz',u2'> 2/3

3.(7%) [ <905 ]

Let T be the linear transformation from R> to R® defined as follows.

X X
T( ) = rotating counter clockwise by an angle 4.
Y Y

(a) Write down the matrix representation 4 of 7 with respect to the standard basis.

(b) Find the eigenvalues of 4 and the corresponding eigenvectors.

XS0 B o <l AR l'[ﬁ'R% (Gh e R
[5347] e % 12C. %%Eﬂ%ﬁ\CHUﬁTﬁD CHI2}j9.4.
(]

()4 =

cosO —sin0

sin@  cosO
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(b) det(4—\]) = ... = A*~2(cosO)A+1,
A=cosO = (cos’0 — 1)"*=cosO * isind
Ef}’sin6=0E3J¥ , cosO=t1, A=Iﬁ‘}—l,

$fd=1, eigenvaluet31.1, cigenvectorT77e | /il

44 =

Hirsin0-0fHf (6 T FfivREf ),

—1, eigenvalueti—1,—1, eigenvector LA E | E) E’%{FI I

3/9/2003
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cosO—A —sin0

A-\l =

Ejéifﬁ eigenvector [ i, 1 1.

sin®  cosO-A

Fisin® —sin0

sin® =1 sin0

+i -1
0 0
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span a two-dimensional space.

Find the values of & so that the vectors [3—k

-1

01", [-1

2~k —1]", and[0 -I

3-k]"

[o347] 4 R RERI06A. i BFHECHO R 14,
Ce] Rl pT:

= |1

0 (4)(k1) O
2—k -1

0 -1 3k

0 (k4)(k-1)3-k)
2k 1
1 3k

3k -1 0 0 K=5k+5 k=3 0 K-5k+t4 0
1 2k 1|~ |2 2k -1 |~ |4 2k -1
0 -1 3%k 0 1 3% 0 1 3%
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-1 2k -1
~ 10 -1 3k
0 0 (k4 (k=1)(3-k)

[3-k -1 0]',[-1 2k -1]",and[0 -1 3-k]" span a two-dimensional space.

3k -1 0
—rank | -1 2-k -1 |=2 (FHABLCH H#:13)
0 -1 3%

> (H(k=1)(3-k)=0
> ke {l,3,4)

5.(7%)  [%290%Y%[]
Find an orthonormal basis for the solution space of the following homogeneous system.
x+ty—-z+w=0

2x—y+z+H2w=0

(5347 4 SR RETI09C. 5% BIFFHCH3 AT, CHO L 16,
[ “igt A= Grlans (B5HECH3HI]7)
(B F/—} ([, s,st]"|s,t€R }
= {5[0,1,1,01"+4-1,0,0,11"|s,t€ R }
SRR {10,1,1,01,[-1,0,0,11")
R E =T,

SO IvELE (o, 1/5,1/ 2,01 -1/¥ 2 ,0,0, 1/J7f}

6.(7%) [ & ~90%v&[]

Find the matrix P such that P'AP is a diagonal matarx, where
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1 1 0
A= 0 2 1
0 0 3
(o] 4 P E12C. ﬁ?%ﬁqﬂﬁE&CHuﬁf’ﬂlT
(] det(A-xD)=(1-x)(2-x)(3~),
0 1 0 0 1 0
A-I= 01 11|~ 0o 0 1], Eﬂ’rﬁ eigenvector
0 0 2 0 0 0
-1 1 0 1 -1 0
A2I=]1 0 0 1 |~ 0 0 1 |, it eigenvector
0 0 1 0 0 0
-2 1 0 1 0 -112
A2[=] 0 -1 1 |~ 0 1 -1 |, ##ifeigenvector
0 0 O 0 0 0
1 1 1
SP= [0 1 2 |, [|] P'AP=diag(1,2,3)

7.(8%)
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Determine whether the given set, together with the standard operations, is a vector space.

G2, profi- BEEHLI25Y, 1 510)
T T
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(a) The set of all 2x2 singular matrices.
(b) The set of all 2x2 nonsingular matrices.
(c¢) The set of all 2x2 diagonal matrices.

(d) The set of all 2x2 singular matrices of the form

a b
c 0

(53471 + B RER105B. % DR CHS A 1]12--15b.
[##] (@) 7K (b)) 7K (o) &L () ZF
[ﬁéj‘ﬁl singular matrixAf i "5 EEsingular, {JY[!

non-singular matrixff[i% “{ E}non-singular, Y

1 0 -1 0 0 0
0 2 0 3 0 5

diagonal matrixIU5s %5 F’—\p thldiagonal, [NEG

a 0 c 0 xatyc 0

0 b 0 d 0 xb+yd




