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[1]. (14%) [ & ~91%r" ]

Given a transformation 7 frim R* to R? defined by

_x1+2x2+3X3+4x4—
T(x)= | x;t3x+t5x3+7x4 | = Ax
X1 —X3—2X4
(a) Find a basis for im(4). (4%)
(b) Find a basis for ker(4) (4%)
(c¢) Find an orthonormal basis of im(A4) (6%)
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(]
_ - _ x|
X11+2x+3x3+4x4 1 2 3 4
X2
X1+3XZ+5X3+7)C4 = 1 3 5 7
X3
X1 —X3—2)C4 1 O -1 2
L 4 L _ x4
1 2 3 4 1 0 -1 =2
%[J38E
(@d= |1 3 5 7T |~ ... EIT ~10 1 2 3
1 0 -1 =2 00 00
im(4)= column space of 4 (FHBLCHS - 5a)

APV L, 1,105 02,3,01") $5im(4) 0 Lk GERELCHOE2EI24)
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(b) $(a), ker(4)={ [ ++2s, 2t-3s,t,5 " | £, stTACTEl } GELCH3#Y]7)
={1,-2,1,0]+s[2,-3,0, 11" | ¢, sEBAcT £l
9 {[1,-2,1,01,[2,-3,0, 11"} tiker(4)V 5Lk
(c) #(a), ['1Gram-Schmidt processfi* 7+ #Hlim(4). [~ LUK GHEHS)
(11,1, 17", [1/3, 4/3,-5/3 1"}
FIHtoE (=2 -1 B b ELUR
([1/3Y2 132, 173217, [1/42'72, 4/42'2, —5/42"2 1T}

[2]. (7%) [¢*91%yT ]

Let P? be the vector space consisting of all polynomials of degree 2 with a basis of
1, ¢, . Define a linear transformation 7§ () =f(2) from P’ to R.

Find a basis for the kernel of 7.

(o3#7] 7 (et [ J08A.
(2] KerT={ 1) | T(R1))=0 } GiHSICHS H:%5:5)
={f1) | f2)=0 }
={ atbttct® | a+2b+4c=0 }
={ (-2b-4c)+bt+ct’ | b, cER }
={ b(-2+1)+c(-4+1) | b, cER }=span{-2+t, —4+1*}
M {2+, —4+7 ) SR,
{24, —4+F HIKerTV B

[3]. (4%)  [%*91%ry " ]
Consider the partitioned matrix
A 11 A 12 A 13

A=
O O A

where A1, is invertible. Determine the rank of 4 in terms of the ranks of submatrices 411,
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A2, A13, and Ao;3.

(53471 4 i JE 08B,

(] %A“Fgmxmiﬁ[iﬁ] HlJrank(41,)=m. (GHASCHS HEI17)
HF%AB[ FYRPYHIIR, = REn{d?F591, Hlirank(4xs)=n. GHEASCHOEEI23)
A P AT ™ b . GiBCH3 RN 6)
An A A In X
O O Axp O O R
". rankA=m+n (GHBLWCHOHE23)
=rank(4;)+rank(4,3)

[4]. (11%) [A91%YT ]

Let L be the linear transformation on R* defined by
L((x1, X2, x3))=[4x1+2x-2x3, 2x1+x0—x3, —2x1—x2+x3]

(a) Find the matrix 4 such that L(x)=Ax. (2%)

(b) Now that matrix 4 is the matrix representing L with respect to [e], ez, e3], find the
transition matrix S corresponding to a change of basis from [b1, b2, b3] to [ey, e2, €3]
where by, by, b3 are the three eigenvectors of matrix 4.  (5%)

(c) Find the matrix representing L with respect to [b1, b2, b3].  (4%)

(5347 4 () B REZI07B, 4 JE(b)(c) B FETI07C.

[i#) - -
e 4 2 =2

—?J A= 2 1 -1

-2 -1 1

EIH L((xl, X2, X3)T)=[4)C1+2XQ—2X3, 2X1+XZ—X3, —2X1—XZ+X3]T
= A[x1, x2, x3]T

(fie: FERRCHT 1S, ARLLEHENELOHIIR T )



J§ € ¥ 91IE% + .doc 2/16/2003 —— 4 =—
(b) det(d—xI)= —x’+6x’= —x*(x—6), .". eigenvaluest}0, 0, 6 GF1aiss
i# (A-0Iv=0 M 110fYeigenvectoer b1=[-1, 2, 0], b=[1, 0, 2]". GF e
i (A-6Dv=o M 1i6[Veigenvectoer by=[-2, -1, 17" G 1P
-1 1 =2
LS=] 2 0 -1 |. GiERSLWCHOE3:33)
0 2 1

0 0 0

CFERER L 0 0 0 . GHBLCHT H:3.9)
0 0 6

(%rf}ﬁéf I ERFIHIER S 4S) GHRELCHT7 RN 9)

[5]. (9%) [¢91%yT ]
Consider the inner product space C[0,1] with inner product defined by
1
(f,g)= J‘ S (x)g(x)dx
0

where f(x) and g(x) are two functions belonging to C[0, 1]. Let S be the subspace spanned
by the vectors 1 and x. Find the best least squares approximation to x> on [0, 1] by a

function from the subspace S.

U547 4 B RE109B (1 FISI09E), HHRATERH & Bk CHOR e
()  “-I')Gram-Schmidt processif1, x1-% [“GEAEINEL 1, x-1/2,

FIFIR T8y, 2 o o e GiHsCHOHRI12)
(X" 1) =..=3/4, (1,1)=..=1,
(x",x-112) =...=3/56, {(x-1/2,x-112) =...=1/12,

Hraf B ((3/4)/1) + 1+((3/56)/(1/12)) + (x—1/2) = 3/7+(9/14)x .
[P3ie] R po=atbx. {0 Il 2 - pCo | VG T,
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5[] p(x) B! Sfspan {1, x} FUTHEEY, GARLWCHOTEZEI13)
I (x"Pp(), 1)=0, (x""—p(x), x)=0, (FHERELCHO 2RI 1 1b)
A (@), D=(x, 1), (p), x)=(x'?, x), (Zr ABLETEFLE)

1

(x"®, 1) :J P dx=3/4,
0

1
(xm,x):J‘ Pax=3/7,
0

1 1

1
(px), 1) :J‘ (a+bx) dx =a J 1 dx +b J xdx=a+(1/2)b,
0 0 0

1 1

1
(px),x) = J‘ (ax +bx*) dx =a J‘ x dx +b J‘ x*dx=(1/2)a+ (1/3)b,
0 0 0

[0 a+(1/2)b=3/4, (12)a+(1/3)b=3/7 F' i a=3/7, b=9/14.
oL OERR R 3/7+(9/14)x.

[6]. (5%)  [&*~91%¥ " ]

Find the subordinate matrix norm || 4 || », where

(47 R IR 17A, i B B 22,
(] Arfbl max{[1[+2], [3]+]-4]}=7




