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[1]. (5%) [ A92%%E[]

For each statement below, indicate whether it is true or not.

(a) If 4 is a symmetric matrix then rank(4)=rank(4?).

(b) If Ax and Ay are linearly independent then x and y are linearly independent.
(4 is a matrix and x, y are vectors. )

(c) If AB=0 then the null space of 4 contains the column space of B.

(d) If 4 and B are 2x2 matrices such that ABAB=0, then BABA=0.

(e) If A=BC where B is a 5x4 matrix and C is a 4x5 matrix then A4 is invertible.

(53471 4 RGBT E113D. AR EISh S B CH T 22,
A FE (o) B R 06A. ﬁlﬁfgﬁfﬁf S BAECHS L2  La,
AR TR LA, PHE [ RECH 1 E 10154,
7+ FE(d) ) F.
# () B HE 708D, ﬁl%%tﬁ@ﬁ%ifﬁaﬂq SELCHS ! 6a.
[##] (a) True, (b) True, (c) True, (d) ? (e) False
(il
(a) BA[EEFE| (>, f14=PDP"', D=diag(ky, ko, ..., kn) GHBLCHI3H2E5)
H|| A>=(PDP"Y*=PD*P'=Pdiag(k\’, ks, ..., ko’)P"' GFERSLCHI16E2E13)
rank(A)=rank(D) (GHBLCHS EHF!16)
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=[k1, ooy ka1 ZHF G (CH67E2RI23, FF56WCHS AT Y] 14a)

rank(4%)=rank(D*)=[k\?, ..., kn’ H lj SRV
=Tty oo ka1 S0 9 [ I =rank(A)
[Note] 4 JELRLA ™ | IR SPRAIIT <" L S5 [PV ILET, 232 %
EHIRL b B (T, I T i*”'ﬂ“ G IH*'IFBIIHEEW
Tﬂ‘jm, lF;I_{fEF_JE[]ﬁ:ﬁAT@E&— I*‘ 5 WP . 2 IFUV’;ii =i,

ALy 3 JL[IH_EJ[:E;I

(b) (AESFEPY

(FEASLCHOE#9)
| cxtdy=o
M3 5 FeAH  A(ex+dy)=o,
", cAxtdAy=o GEFEBLWCH2E2E19)
F I 1Ax, AR 15 =0, d=0, (RHESCH6 4 3.9)
(c) Py
+| x&column space of B,
A7 S piEl y f0 x=By. GikeL CHS H2R117)
. Ax=ABy=0Oy=o.
". x&null space of 4 (GFEBCHS5EF:19)
(d) * EEPJ' ijTPID’I“ B 15 FT‘]‘-FU
(e) MREYTH
rank(4)=rank(BC)
< rank(B) (FHAEWCHS EE!16)
<4 (GHEASLWCHS EEI5)
A PR (GFERSLCHS H2E17)

RO €D

Let F be the space of all functions from R to R, £ be the subspace of F that contains all

functions satisfying f'(x)=f (—x), and O be the subspace of F' that contains all functions
satisfying  f(x) = —f(—x), show that F=E+O.

[534) +Ra R LA, AF AR S HRRRECH LIRS,
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(] 7 R CRREP, EfYE 7 Sleven function, OFf IFYFFEYPE Elodd function, &
ﬁ%‘ifﬁijHl 15 (Y5,

For problems 3~5, give your answers directly.
No explanation or computation is necessary.

BLG% [T <027 ]

0 b btc
LetA=| a atb b , where a #0, b0, c0.
a a 0

Factor the matrix 4 into PA=LDL", where P is a permutation matrix, L is a lower

triangular matrix, and D is a diagonal matrix.

(53] % R 2] 03E. ﬁlﬁfgﬁlﬁgﬁ%%&ﬁ%ﬁCHﬁ? f77130,CH3#(5]28a.
(]

a a 0 |(-a) —

~ 10 b b (-b) —— b
a a 0 — [
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0 0 C — l3
a a 0 —
0 0 1

1 0 0

H] PA=LU, H HI
1 0 0 a a O
L= 1 1 1 , U=10 b b
0 1 1 0O 0 ¢

a a 0 a a 0 11 0
U=|0 b b [=]0 b5 0 | |0 1 1 |=DL
0 0 ¢ 0 0 ¢ 0 0 1 ,
i 1 L gL J O GeEECHBTY14b)

[4]. 5%)  [%*~92%¥E[])
Suppose the complete solution to the equation Ax=[3 6 9]" is
=300 +s[101]+0107"
Find 4 .

C53H7) 4 BRI FETI03A. FHRRAIRE 4 Bk CH TS
[EJZ—'%] F%x:[)ﬂ,xb X3]T, L[—y*ij?:ﬁfﬁd/l‘ﬁlg‘[]i{t@
xX1=3+s, X7t X3=S

ﬂ [ ILEFATHT F'J j‘ED?V)cz, 35D F ! E[ RBY{L.s.
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1 0 -1 |3

00 0 |0

00 0 |0

%j*@ip@ﬁfj'g’rrﬁiﬁﬁﬁl [3 6 9I, '™ [fIREET:

1 0 -1 [3] (@ 3 1 0 -1 |3
00 0 |0 d ~ 2.0 =2 |6
00 0 |0 30 -3 |9

1 0 -1

A= 2 0 =2

3 0 -3

(GRASLCH3 & ]7)

[51. 5%) [ & A~92%v%[])

Define the square matrices

i a 1 0 0 |
-1 0
A= | e, ,n>1
0 1
0 0 -1 a,

and let d,, = detd,. Find a recurrence relation for d,,. (Don't solve it.)

(5H7) # RS 104B. AN % B CrARATS 13,
[ EJZ—'%] dy=andn1tdyn o
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EVITVER I n=5E0(1:
ag 1 0 0

0
-1 a 1 0 0
d5: 0 -1 as 1 0

0 0 -1 a4 1

0 0 0 -1 as

(= RERED
a 1 0 0 a 1 0 0
1 a1 0 1 a1 0 ,

=1 +as GHRLCHAE 2RI
0 -1 as 1 0 -1 as 0
0 0 0 -1 0 0 -1 a4

(33— [ == S )

= dstasds

(RRALCHATEI D)

s ﬁp—:ﬁﬂrj’ F"[ﬁﬁimﬁi-

[6]. (5%) [ %92 7%[]
(1) In R?, let T be the orthogonal projection onto the subspace S , where
S=span{(1, 1,0), (1, 1, 1)}
Find the standard matrix representation A4 for this linear transformation.

(2) As in part (1), find the orthogonal projection of (1,0,0) onto the subspace S.

o7 ] HERIETI09B. 4 e 470k, KR 20 7 926 ¥ R [2]. e,

L] (1) “F RSPk fED (1,1,0)x (1, 1, D=(1,-1,0).  (FECHI L 11a)
—?J d=(1,-1,0), v=(x, y, ), H]|
VESIV Y p
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v-d ]
=v- d (GHFELWCH1 EE! 1 2a)
d-d
= (%2 - (x-»/2)1,-1,0)
= (x/2+y/2, x/2+y/2, z)
12 12 0

fP=| 12 12 0|, H p'=pPv'

0 0 1
PRV VYL (FERSLCHT 2F19a)
(1) [P GHBLCHOH2EI22)
11 12 12 0
A= 1 1|, P=AA"A) A= ... = 12 12 0
0 1 0 0 1

(1) [P3E]: FIP RERECHOEE T Tbaf i, (32 AR CHII 1 1c)
(1) [Phie]: LT [~GHECHITIEN6), F2 B T3 0 ¥ RASCHIE 21 12)
(2) BH| HE W (1/2,1/2,0)

[7]. 3%) [ & <~92%v%[]

0 2 3
Let A= and let 7 be the linear transformation given by 7(x)=Ax.
4 0 11

Find (1) kernel(7), (2) nullity(7), (3) range(7), (4) rank(7),

(53471 4 R RETI06C. ALIRAFIRE: 2 BEASCHORN 232,240,
i) (1) fIEET (FRABLCH3 5 (7]4b)
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0 2 3 4 0 11 1 0 114
4 0 11 0 2 3 0 1 =32
kernel(T)=[Ax=0fi i fif]] (FEALCHS E3:5)
={[—(11/4)t, 3/2)t, ¢ "| t5hacT &L ) GESLCH3 75 (Y]7)
={[ 11k, 6k, 4k 1'| kE%7c &L )
(2) nullity(T)=dim kernel(T)=1
(3) pivotEsT 571,217,
o AfYET1,215 55 Aficolumn spacefiUELK. GEBLWCHOEE124)

". range(T)=span{ [0, 4]T’ [-2, O]T 1=span{ [0, l]T, . O]T }:R2
(4) rank(7)=dim range(7)=2

[8]. 2%) [ *92%7E[]

In R?, let B; and B, be two bases, where
Bi={(a1, b1, c1), (a2, b2, ¢2), (a3, b3, c3)} and
By={(x1, y1, 21), (X2, 2, 22), (X3, Y3, Z3) }.

Find the transition matrix from B; to B,.

(53471 4 FER REI06D. AHHIATRE S CHOIT 34,
(i) Hrtisntsilk $=((1,0,0), (0, 1,0), (0,0, 1)}.

a a as X1 X2 X3
Ay —
] P=1 by by by |, P=| yi » »
C1 C cC3 Z1 Zp Z3

Hl VveR?, [vIssPi[vis, [vIs=Pl v s, .

S ]32=P2_1[ v1s=P> 'Pi[ v Is,
O AR I L Py ' Py

(CH6E2EI33)

(CH6E:3%33)
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In R’, find the rotation matrix that rotates a point 30° about the y-axis.

(347 4 PR EEI01A. AF PRS2 Rt D123,

CONE

cos30°
0

—sin30°

0
1

sin30°

0

0 cos30°

0
-1/2

0 1/2
1 0
0 3"

[10]. (4%)

[ & 492%YR[ ]

Are the following two matrices similar? If so, find a matrix P such that B=P'4P.

(H4=| 0

(=R S =]

2)4=| 0 3

0

[2347] 4] 07D. ﬁ%@fé@ﬁ%&ﬂ%ﬁ%msﬁm 15.

(2] (1) Yes. F&PHYI™:

3 0

0 0
0 1

0

GiksE5LCH3 #5757]14b)
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oo 1|ll1oo0]]loo 1]

=1 010 0 2 0 01 0 GHRELCH3 #57]23a)
1 00 0 0 3 1 00

_ e - _

0 0 1 1 0 0 0 0 1

=1 010 02 0 01 0 (GFERSCH13 ¢ 1 a)
1 0 0 0 0 3 1 0 0

(Note: 7 RHpYRI B8 ELTE CH13HE Ta)
(2) No. [ EHEL T [l f*Jordan form (GRRASWCH1572E14)

Find a basis B for the domain of 7 such that the matrix of 7 related to B is diagonal.
T:R* = R’ T, p)=(xty,x—y)

(53] 4 Eept g E12C. ﬁ‘?fjﬁ@ﬁ%%&ﬂﬁ?&@leﬁmwa.
U] Svisgi, Fif THORfA £

1 1

1 1

(TSR £ (AL, G
SRR B0, 20 S B B 1, 107, 10, 1]
WVB={(1,-1), (1, 1)}, HJ [Tls=diag(0, 2). (FHSCHI2E2E16)

[12]. (4%) [ A92%%E[]

(1) For an invertible matrix 4, prove that 4 and 4 ' have the same eigenvectors.
How are the eigenvalues of 4" related to the eignevalues of 4 ?

(2) Let 4 be a diagonalizable matrix with n real eigenvalues A, Ay, ...A,.
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What is the determinant of 4? Prove your answer briefly.

[53#7) 7 R [ R 16A. ﬂl%ﬁaﬁ?@ﬁiﬁﬁaﬂ%qul6t@3
Cige] (1) i s o s 7 2 e (FEBLCH 14 2R12b)
E A=, Hliv=AT 0w)=aA (),
Co AT )=
. VEBAPURS R BN = vERAT R B E GECHI2 35 1)
[FiIR R RS [y 2
PR R P S e
O MEBARUR B = AT ERAT R B
(2) [ A=Pdiag(hi, Ao, ... Aa)P
.. detd=det(Pdiag(Li, A2, .. A)P )
=det(diag(A1, A, ... An)) (GEFBLWCHT7 H2R122)
=MiAa....hn (FESCHA4 ¢ F14a)




