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Critical Number

A critical number of a function fis an x-value in the domain of fat which

either

or

f'x)=0
f'(x) is undefined

Derivative is zero
or undefined



3% Example 1. Graph the function f(x) = x’~12x*~60x + 36.
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[ Topic 2. - F# ¥ #cip| 2] First-Derivative Test for Relative Extreme Values
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If a function f has a critical number ¢, then at x = ¢ the function has a

relative maxinum if ' > 0 justbeforecand f" <0 justafterc.

relative minimum if f" < 0 justbeforecand f’ > 0 justafterc.
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fis positive on both sides, so

f"is negative on both sides, so
f has neither at x = c.

f has neither at x = c.
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fis positive then ~ fis negative then
negative, so f has a

fis positive on f ' is negative on
positive, so f has a both sides, so both sides, so
relative maximum relative minimum f has neither f has neither
atxr=¢. at x =c. at x = c. atx =rc.
3% Example 2 Graph the function f(x)=—-x*+4x’-20.
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[Topic3. 3 7 (4 ;%) & 3% % B ] Graphing Rational Functions
L& ages 2R ang i PX)/QY) o

2. AN Bl ¥ € 2 BT A (vertical asymptotes) o drdk A F X P @ AR X Apk o B ¢
7 kT briT A (horizontal asymptotes) ; 4% A F = 3 b A F - o Bl ALBHEA (slant
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Vertical Asymptotes

A rational function p) has a vertical asymptote x = ¢ if g(c) =0

but p(c) # 0. 7(x)

Horizontal Asymptotes

A function f(x) has a horizontal asymptote y = ¢ if lim f(x) =c or lim fJ.) = C.
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Section 3.2 Graphing using the first and second derivatives & * — ~= |

=
|k

AR R - S EBEAS D Sdkd Mg (concavity or curl) 0 ¥ P F_E E & -
gL A ¢ F B (inflection point) ° = =X B fcs ¥ U Y K T B d RGP EIRE o

[ Topic 1. w4+ & W 2] Concavity and Inflection Points

1. 247 &5 Wit (concavity) e drk =2 B Rihd Brhghe HiR s Bl gig - Bwo
(concave up) ; 4rk o & M BriBe T Pl g2 - B m T (concave down) e

concave b

straight /i up ,
concave

no concavity 5 down

2. B % - BE(W{5)WE (concavity) e (TR A FPRT) o PAPHERELF Y EL

(inflection point) °

Some students think of it this way:
concave up means holds water
concave down means spills water

concave down

concave u P

inflection
point

3. WK gL

Concavity and Inflection Points

On an interval:
f" = 0 means that fis concave up (curls upward).

f" < 0 means that fis concave down (curls downward).

An inflection point is where the concavity changes
(f" must be zero or undefined).

f =0

slope 0

f" <0 means that the slope is

f"=0 means that the slope is
decreasing, so f is concave down.

increasing, so fis concave up.

5. Y- &3 &5 (3-l.topic2) F f'>0 > RS f 223 5 5 ' <0 RSl f 2R o 4ok

¥t LG - BRTchadicg 0 Tg=T (g5 ALF Sk B
A E Q>0 IR S) S HegEs (T f7>0 0 R fur e 1) o [1 R ]

B. % g'<0 s BI(A%)SBcg b (T £7<0 > fohids furaT)o[t BL]

5



sk Example 1 : Graphing and interpreting a company’s annual profit function
A company’s annual profit after X years is f(X) = X’~9x* + 24x million dollars (for X > 0 ). Graph
this function, showing all relative extreme points and inflection points. Interpret the inflection points.

<sol>: y
30+

(2, 20) )
20+ IP (3, 18)

(4, 16)
10+

—
[S%]

I
=

n

o

Interpretation of the inflection point:

Observe what the graph shows—that the company’s profit y
increased (up to year 2), then decreased (up to year 4),and then 30+
increased again. 20

The inflection point at X = 3 is where the profit first began to show £

. . *~ 1041/ beginning of
sSigns of Improvement. the “upturn”

It marks the end of the period of increasingly steep (¥t & ) decline ;

| 1 1 | | . 1
I T T T T -
23 4 5 6
Years

(™" %) and the first sign of an “upturn,” where a clever investor might
begin to “buy in.”
[Topic2. E ¢+ % ¢ ek o 2:] Inflection Points in the Real World

1. AT&T : The function in Example 1, while constructed for ease of , 8
6

Billion
dollars

calculation, is essentially the graph of net income for AT&T over 4
. . . 2

recent years, shown below. The inflection point represents the first A U
2000 2002 2004 2006

Year

sign of the upturn in AT&T’s net income, which occurred in 2003.

2. Annual sales of portable MP3 : The graph below shows the annual sales of portable MP3 players.

The inflection point, occurring between 2004 and 2005, marks the 20

end of the period of increasingly rapid sales growth and first sign of é _E 1;

approaching market saturation. This is when savvy manufacturers =" 5

might begin to curtail new investment in MP3 production. Source: 2000 | 2002 2{15[, i I 2(,I[,6
Consumer USA 2008. Year
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3. The graph below shows the annual sales of analog cameras a few years
after the introduction of digital cameras. The inflection point, occurring
in 2004, marks the end of the increasingly steep sales decline and the

first sign of steadying but lower sales. Source: Euromonitor 2000 2002 2004 2006
Year

15 ]
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Million

(%3]

4. Distinguish carefully between slope and concavity: slope measures
steepness, whereas concavity measures curl. All combinations of slope and concavity are

possible.

=2 —1 1 2
1~—=10
(—1, —18)
+-20

3% Example 2 : Graph f(x)=18x"". (¥ 2 &+ + =



[ Topic 3. = F# %% =] Second-Derivative Test
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max
concave
u
p concave
down
min
X X

Concave down at a critical

Concave up at a critical number: relative maximuni.

number: relative minimum.

2. PRI TAHEE

Second-Derivative Test for Relative Extreme Points

If x=c isa critical number of f at which f" is defined, then
f"(c) > 0 means that f has a relative minimum at x = c.

f"(c) <0 means that f has a relative maximum at x = c.

L o ERR T g ARAG NG R o T RE - R 50 max
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sk Example 4 : Use the second-derivative test to find all relative extreme points of

f(x) = %3 — Ox2 + 24x. [ ¥ & Example 1 ‘“# |



Section 3.3 Optimization . if it
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[ Topic 1. @ ¥+4& & ] Absolute Extreme Values

1. S#keh% $H4& ~ & (absolute maximum value) 3 T &8 ¢ S % hdfic @ o S#cHB $Hig)
& (absolute minimum value) % #_ &% ¢ & | (i #kiE - % $1& & (absolute extreme value)
ARG RS EASHER ) EH Y 2 - o BTG RS EE R B4 W AT Sk
Bl25 7 ek B £ A Bk o

2. - BaROGEHEET LA F PR 0 A - BAS B A Ao AT

¥ y Y v
A !
abs max | absmax |
value value
abs min abs min
value| value T~ 7
X X x
Both a max A min but A max but Neither a max
and a min no max no min nor a min

3. it 4 S % (continuous function) 7B % B (closed interval) ¥ i g

Optimizing Continuous Functions on Closed Intervals

" C £
A continuous function f on a closed interval [a, b] has both an absolute Lo & @b) P50 afeh fi
maxinum value and an absolute minimum value. To find them: 2. RpL R ksl

1. Find all critical numbers of f in [a, b]. 3. K [ab] #% f(a) & f(b

2. Evaluate f at the critical numbers and at the endpoints a and b.

f pOTES? N A Y st

The largest and smallest values found in step 2 will be the absolute o o o "
maximum and minimum values of fon [a, b]. TR Mﬁ*’*f’k? g & o

3 ] 1. Find the absolute extreme values of f(x) = x’~9x> + 15x on [0, 3].

max—7

min --9

Y : Find the absolute extreme values of f(X) = 3x*—4x on [-1, 2]. (max: f(2) = 16; min: f(1) =-1)
9



[ Topic 2. = F# ¥ #cip| % ¥1& & ] Second-Derivative Test for Absolute Extreme Values

AT LT 2 R R PR E O 2 AP RHHRE - NG AR E R RSl
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[ Topic 3. # i i* e * ] Applications of Optimization

1. OPTIMIZING THE VALUE OF A TIMBER FOREST “If a timber forest (1+3%) is allowed to grow

for t years, the value of the timber increases in proportion to (& +* *%) the square root (T = )

of t, while maintenance costs are proportional to t. Therefore, the value of the forest after t years
is of the form V (t) = av/t — bt , where a and b are constants.

s ] 2. The value of a timber forest after t years is V (1) = 96+/t — 6t thousand

y
dollars (for t > 0). Find when its value is maximized.

384

64

2. MAXIMIZING PROFIT -

A. = * &A% 2% (Three economic ingredients) :

D U E Ay~ L o The first is that profit (/) is defined as revenue (4= > ) minus
cost (3 * ): Profit = Revenue—Cost.

> ir ENA NG ¥ I 48 g 8k o The second ingredient is that revenue is price
times quantity. For example, if a company sells 100 toasters for $25 each, the revenue will
obviously be 25 * 100 = $2500.

> R RE Js#cE = & v o The third economic ingredient reflects the fact that, in

general, price and quantity are inversely related: increasing the price decreases sales, while
decreasing the price increases sales.

B. +HIYchi- A7 AWt p o F R ol xo Ap
fs M 2Bl 5 ¥ & ¥ (price function)

Price

p(x) gives the price p at which consumers will buy exactly x units of the
product.

Quantity

10



% ] 3. It costs the American Automobile Company $8000 to produce each automobile, and fixed

costs (rent and other expenses that do not depend on the amount of production) are $20,000 per week.

The company’s price function is
will be sold.

a. How many cars should be produced each week to maximize profit?
b. For what price should they be sold?

¢. What is the company’s maximum profit?

C. Graphs of the Revenue (z » ), Cost (£ 1), and Profit (/) Functions

Jer B D Efichet P BT o B s SnlikiE A A D S #iciE
PR AL B ZRIALIFL -

AR S g P(X) £ 7 2 e r 33k RX) B2 L D 3Bk CKX) o
BEeOE 5 e

dot TR ATE 0 Bl - B X B S BenE B 43
% R(X) > C(X) or P(X) > 0.

15 PO =R —C(X) » #4255 A 8 P'(x) = R(X)-C'(X).
FREPO0=0 (fdert o) B ROO=C'(0) » T g%

o ~ (marginal revenue) % *t:i#% & d1 (marginal cost) °

Classic Economic Criterion for Maximum Profit

p(X) = 22,000-70x, where p is the price at which exactly x cars

y

680,000

Profit

P(x)

100 )
$
Revenue
” Cost
‘ loss

: ¥

$

Profit

/1 profit
X
!loss "

|
: |
: I
: |
: |
. |
| |
: |
: |
: |
| |
| i
! I
|

At maximum profit:

Marginal | _ [ Marginal
revenue | cost

11



3. MAXIMUM SOMETHING -

S . S S S
R S Vs S g

< %] 4. A farmer has 1000 feet of fence and wants to build a rectangular ]

enclosure along a straight wall. If the side along the wall needs no fence, y _:

find the dimensions that make the enclosure as large as possible. Also K o )
total: 1000 ft

find the maximum area.

% ] 5. An open-top box is to be made from a square
sheet of metal 12 inches on each side by cutting a
square from each corner and folding up the sides, as
in the diagrams below. Find the volume of the largest

box that can be made in this way.

12



Section 3.4 Further applications of optimization { i&— % s i it Jg *

< %] 1. FINDING PRICE AND QUANTITY FUNCTIONS

A store can sell 20 bicycles per week at a price of $400 each. The manager estimates that for
each $10 price reduction she can sell two more bicycles per week. The bicycles cost the store $200
each. If x stands for the number of $10 price reductions, express the price p and the quantity q as

functions of X.

B 2. MAXIMIZING PROFIT

]

Using the information in Example 1, find the price of the bicycles and the ﬂ_;\..“;,...,_.__x
NP(x)
quantity that maximize profit. Also find the maximum profit. N\

p.s. In example 2 we choose X to be the number of $10 price reductions. We chose this X because
from it we could easily calculate both the new price and the new quantity. Other choices for x are
also possible, but in situations where a price change will make one quantity rise and another fall,
it is often easiest to choose X to be the humber of such changes.

< B 3. MAXIMIZING PROFIT v

An orange grower finds that if he plants 80 orange trees per acre, each tree will
yield 60 bushels (% £ # = > & 36 2> 2) of oranges. He estimates that for each
additional tree that he plants per acre (w1), the yield of each tree will decrease by 2

x= -2
number of “added” trees

bushels. How many trees should he plant per acre to maximize his harvest?

13



% & 4. MINIMIZING PACKAGE MATERIALS

A moving company wishes to design an open-top box with a square
base whose volume is exactly 32 cubic feet. Find the dimensions of the

box requiring the least amount of materials.

[:5]) 4% &30 ] i ‘*”ZPE' CREERATHE AT

[ Topic 1. # = it f&12] Maximizing Tax Revenue

FORED e R BT A& -
(1) 4o% 8 84> F > BIF §adrd] > ffc g FIpt B> o
Q) 4ok M L gt Mo Pl b g EE S AT £ R
Flpt G A R B R RS KA T R RenfRT o Ao b 5 AT o
% 5] 5. MAXIMIZING TAX REVENUE

Economists estimate that the relationship between the tax rate t on an
item and the total sales S of that item (in millions of dollars) is
St)=9- 204/t for 0<t<0.20. Find the tax rate that maximizes revenue to
the government. [Hint: tax revenue R(t) =t - S(t)]

14

2 3N o TBRK KR
/feet® » M7 % chd & 582/ feet’ » B4+ & % Cost= (X )(4) + ()(XY)(2) -

- open top

area of each
T sideis x-y

L area of
bottom is x - x

g ek LS4

revenue
(S millions)

0.10
Tax rate

0.20
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Section 3.5 Optimizing lot size and harvest size # F * 37T H & H i < ¥ KX &

AEHHS BEL B EICRY - B S AR R k:fﬂ‘éi@ﬁjy%°'&rf?#§mj
2 2

B2 37 i £ (ordersizer lot 31ze) ¥ ¢ {7 B3 = & (inventory cost) B4 ; Fr PFitsh A 2f At
BB pE > B doie BgE R P RAEHEE o b P8 AR IR o

[ Topic 1. #-] it &% 7= % ] Minimizing Inventory Costs

I ¥ ¢88a ad s hivg (cost)r % - f&i B icf (storage costs) > iy ¥ A
HEP TR e iRg2 § ¥ ? E - R zt_; =% (reorder costs) > 45 <7 3 £ AT37
frorg &ent 4 B @ E SR o

2. Bbla g o - BORERF EL G250 mi)g > 7 ou- SEAT 08 (BRETEEERA) S
EHE R A S o bl RITH SO - Ep T ET S (R tE
PEITRRB) FINRRAEFF L R ob o B H I AR -

% %] 1. MINIMIZING PACKAGE MATERIALS
A furniture (% &) showroom expects to sell 250 sofas a year. Each sofa costs the store $300,

and there is a fixed charge of $500 per order. If it costs $100 to store a sofa for a year, how large

should each order be and how often should orders be placed to minimize inventory costs?

<sol> : (1) Assume X = lot size, (2) storage costs = storage per item x average number of items,

(3) reorder costs = cost per order X number of orders, and (4) C(X) = storage costs + reorder costs.

inventory
5 ]

lot size x - x-\-r ————— E

reorder reorder reorder reorder

X _ average
2~ inventory size

15



% ] 2. MINIMIZING INVENTORY COSTS FOR APUBLISHER (f342 > 22 6] 1 = 240 )

A publisher estimates the annual demand for a book to be 4000 copies. Each book costs $8 to
print, and setup costs are $1000 for each printing. If storage costs are $2 per book per year, find how
many books should be printed per run and how many printings will be needed if costs are to be

minimized.

[ Topic 2. # * ¥ -k % £ ] Maximum Sustainable Yield

. A2 T K g4 Fiann= &, %éiifl}ﬁgéé&ji%gfgg%n J R 2. e R
Fo PPEHEBEER ﬂt}f%«ﬁ‘ bo g NN BEFIRDFRT > §%FES I - BAEA
Fléefe o Flpt g pFenfiad (harvest) R RE BMEER ] 0 F BREHLEF NS A
/)g,)r&,;fgﬂtjgﬁ R BBV AR B ARSE o

2. AP EEY N B AR £ (maximum sustainable yield) > i& B &~ # £ 35 mj* oo ek &
&g B AR ’mﬂ#ﬁfghﬁ¢iﬂm&ﬁﬁﬁ°ﬂ“ SR P
T e s O e (reproduction function) f(p) > & B S HicEk T 0 FIR A B
(population) % p,— &2 f& B RS ECE f(p) o

Reproduction Function

A reproduction function f(p) gives the population
a year from now if the current population is p.

3. BRAPG - BRASSl 2P nBHAEK D BEBHAKE RS (D) F hid-
E o ¥ L #iF (amount of growth) ¥ £ 7 = f (p) — p o Flpt & & A M Fla > £ ¥k
B b RAhEE po IR APHEEER YO =T @ -p 2 FREE

(sustainable yield) Y(p) °

Sustainable Yield

A t .
ot =flp) - p For reproduction function f(p), the sustainable yield is

of growth

— Current population Y(’U] =f(p) —p
— Next year’s population



4o BT REA T REE S V() TH L S R KA R V()

WMZHW&ZOéf@%ﬂ.—@ﬂw%ﬁﬂé%&éYm)’%W%?H&ﬁ—ﬁﬁi

Fhi-Biigp £=f(p) > T2 FE Y(p) & > ERHEAEYRIp-

For reproduction function f(p), the population p that results in the max-
imum sustainable yield is the solution to

f(p) =1
(provided that f"(p) < 0). The maximum sustainable yield is then
Y(p) =f(p) —p

% ] 3. FINDING MAXIMUM SUSTAINABLE YIELD
The reproduction function for the American lobster in an East Coast fishing area is

f(p) =0.02p* + 2p (where p and f(p) are in thousands). Find the population p that gives the

maximum sustainable yield and find the size of the yield.

17
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Section 3.6 Implicit differentiation and related rates *£ fic4 £ 4p B ¢

[ Topic 1. *& & #ce? &8 S0 8] Implicit & Explicit functions

1. *£ & #c(Implicit & Explicit functions) & % e (Implicit & Explicit functions) % 8
RSk Yy FERS X SdkES T y=fXx) -
ety ¥R X Snficd or oosed B TR #27Y (relation equation) % 7 0 B

4o f(X,y)=cC-

2. Sl b
= Bl xy=1
= 5] 2. X+yP=25
= 3. X -2y +4y=0.

[ Topic 2. *& %4~ ] Implicit Differentiation

1. -0 Bl 3 A B o dic -
SRR Y =25 &R - BR A RS AN B B X drdidice 0 TR A o
FI2535=F TR iz PV A 6lA 727 Fendidice £ 1:5a B ofe, NPF Uy 2R

2 . ,
A2t - v y

Y=255¢ > y=+25-x°

BRI L Rl X T AR A
Flen™ Z20ex +y7 =25 so B M %2 4250 b ¥ 24
3 bAoAt o

e

Tl H y=fX) A3 vE- e X EREFRIE- Ty @ ;T‘Jt,{;“y._,— BXEHRF - ByE (one-to-one mapping
bldc y=x)> & 5 B x EH BT~ By E (many-to-one mapping #l4e y=x> £ E y=3)c £} - B x B &I
% i &3 i@ iy (one-to-many mapping > 4ot B) 0 R B Sl (2 v R TR AR5 e

FORPAER- B X AR PRFAPTH I LAAT LR g P

{4 ¥ e07 2 K8 e (implicit equation) A > AP F 0D 4750 chd B xR s F

x2+y2=259 i(X2+y2)=i(25) > 2x+2yﬂ=0 > 2yﬂ=_2x
dx dx dx dx

> W__x, PG GIBE ] hfR g o
dx y

Eait T T RCRR ) (R RAL ¥ 26 )

—y'=ny"T .= << AFER TR L

18



3. &Mk~ iz (Implicit differentiation) & 7 ™ 7= # 3¢ ¢

1.
d
Finding d_i' by Implicit Differentiation

1. Differentiate both sides of the equation with respect to x. When dif- 2.

1y
ferentiating a y, include o
: dx
; i 1 g
2. Collect all terms involving -L}—i:i on one side, and all others on the
dx

other side.

i
3. Factor out the % and solve for it by dividing.

R S fy)=c =+
A P X s o
-z G dy/dx gt IR R 3

CF 2o oa e B R RS

v}
4
b

2
v

A dy/dx e L3032 F
7 7 dy/dx :rfﬂ:ax,zr:;q—;;g ) &2
dy/dx -

4

% 1 & ] 2. DIFFERENTIATING IMPLICITLY

Forx*+y*=25 a.finddy/dx b.find the slope at the points (3, 4) and (3, — 4).

% ] 3. FINDING DERIVATIVES - Implicit and explicit
d 3 d 3 d 3.,5
. — b. — . —
2 dx X dx Y ¢ dx(X y)

< %] 4. FINDING AND EVALUATING AN IMPLICIT DERIVATIVE

For y'+x'-2x%*=9 a. find dy / dx b. evaluate itatx=2,y=1.

19




[ Topic 2. 4p B % 3 ] Related Rates

FREGES AN P R TN AT AR RS A F Y B
Fe Bolp > 4ok - BEHFEDE T 4ot b 25 BT g £ 4258 (demand equation)
ERRCEE QLS St S LY EE SR E e S A S
#£2. 7 hZ & (time of year) o AT M T K BN DE NS FH s o M N RSE Y
e dp/dt fe dx/dt 5 B> AL G AR BE % 5 (related rates) e

% ] 6. FINDING RELATED RATES

PPebble thrown in Radius
& growing by
2 ft/sec

A pebble ([f] %) thrown into a pond (7 ¥ ) causes circular ripples (a&7%)
to radiate outward (= *} #§ &%). If the radius of the outer ripple is growing

by 2 feet per second, how fast is the area of its circle growing at the moment

when the radius is 10 feet?

. AmzEe fradg & FLThE o
To Solve a Related Rate Problem BT ()RR R F PR T
AT N o

1. Determine the quantities that are changing with time.

; ; i ) 2. - B AENEEEE G
2. Find an equation that relates these quantities (a diagram may be - BoARSNELLT A

helpful). [ AR RN Wl i
3. Differentiate both sides of this equation implicitly with respect to f. (3. ¥ M %> 254 chd F PR
4. Substitute into the new equation any given values for the variables TE e

and for the derivatives (interpreted as rates of change). 4. e R S RlchE
5. Solve for the remaining derivative and interpret the answer as a B & ‘Tfrm(,iﬂt/v\ 5 ) A

rate of change.

K2 g o
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