Section 4.1 Exponential function 45 % ¥
[ Topic 1. 4n #c 3 $c ] Exponential Functions

1 - B andcho 7 $Bchdplic= > > 4o fix) = 2" PIAE S 4p ficd e (exponential function) » A
¢ 2 i 2k A(base) ©
v~ Exponent
flx) =22

Base
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Exponential Functions Brief Examples

For any number a > 0, the function f(x) = 2 has base 2

f) =a*
is called an exponential function with
base a and exponent (or power) x.

flx) = @\ has base%
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y=a* slopes upward y=a* slopes downward
for base a>1. for a<1.

[ Topic 2. 4F & 415 ] Compound Interest (42 1)

L AR T &8 ¢ dpdic & - T ¥ 7 2 & 15 (annual interest rates) » 12 {1 /148
flenZi e g T 4T o Bol ki 4ok - MAFREEJIF 8% %0 & - F454]- % (%
Fo FH e 2% hhARAESP) Bk - BART P £ (BRAT A the
principal) > &% - TR AP Rk 2 ) G 1.02P F & 0 hoT A4T o

Value after
( jzp-(no.oz)
{ years

2. BRF - FAH RSP A LS 2% ERAEEAL IR (140.02)0 F 5 - £
mE o EM A o F P BPE  BUGHES NG 58 AP G E A
K (1+0.02) % 4 = -

(Value afterj _p(140.02)"
{ years

3. MEIF 8% @3 0 F- EenflF T 0.08/4=2% T LA EL S 1 BB R
Brm A E EF = e e BOIWM o dok & 0 AF T %0 Bl om o= 125 0% & X 45 H]-
0 B m =365 (PR E) o

For P dollars invested at annual interest rate r compounded m times a
year for t years,

(Value after> —_p .<1 i r

m = periods per year
t years m

>m[ r = annual rate
t = number of years

% 5| 1. FINDING A VALUE UNDER COMPOUND INTEREST
Find the value of $4000 invested for 2 years at 12% compounded quarterly.



[ Topic 3. #.i& ] Present Value
A R & (future value) K3R 18 (present value) tk khdflfe- dofs b] 1 4777 > $4000

P

B 5 $5067.08 ¢ 4r&k e I iE s P B A
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m
Future value Present value

Present Value

For a future payment of P dollars at annual interest rate » compounded
m times a year to be paid in t years,

Present P r = annual rate
valme ) = pn m = periods per year
<1 + 1) t = number of years
m

< ©| 2. FINDING PRESENT VALUE
Find the present value of $5000 to be paid 8 years from now at 10% interest compounded

semiannually.

[ Topic 4. 12 & =_+* | ps_i# ] Depreciation by a Fixed Percentage

I B BIPEd h RANR A E £ RE A A A AR o B0 bR b A 1
- RE T I F AR E e FIL AP RERT R AF a5 P(L +r/m)’"f, He =

¥ ] 3. DEPRECIATING AN ASSET (M4 A & T 2)
A car worth $15,000 depreciates in value by 40% each year. How much is it 15,000$
worth after 3 years? 210,000
s 5000
e
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BB EE( LR T fk;ﬁ = ;% declining balance method) = — & 4 i P2
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[ Topic 4. p 2%+ #cs % # e] The Number e

Bif— 7 - BREHK K 100% &5 in fhréé'i’ﬁ $1 -
(A). HEFJ-Fd5 - ELETUEEL S1 A%+ 20

)

41
B). #F4 - a3 - EEHEITNAL 1-(1%} =(1.25)" »2.44 > - &4 41
=i 50 44% el Lo o

3651
©). $pigfl- %m3 > - &BEI PS5 1.(1+%j ~2.71 0 F il
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Value of $1 at 100% Interest Compounded m Times a Year for 1 Year

1 m
1+ — Answer
m ( m) (rounded)
1\ Annual
1 1+ 1 = 2.00000 compounding
1\4 Quarterly
4 1+ Z ~ 2.44141 compounding
1 \365 Daily
365 <1 + %) ~ 2.71457 compounding
10,000 ( ! )10’000
’ + =7"
1 10,000 2.71815
1 100,000
100,000 + ~
(1 100’000) 2.71827
G0N ( 1 )1,000,000
00, 1+ —- ~ 2.71828
1,000,000 \ Answers agree
10000000 to five decimal
1 WO places
10,000,000 4 ~ «— F
(1 10,000’000) 2.71828



20 ARITFT AR ¥ m PEIEIH S > L FPERLI - BEE > HEF 271828 T F m

AT E LA s PARFLE T Y 271828, i B E IR F pEE R EY hE & ﬁ_; |
Retfcank#ice (iﬁierﬁ t=3.14159...) > T 5| i e T

The Constant e

1\~ The dots mean that the
e = lim <1 + —> = 2.71828... decimal expansion goes on
n— oo n forever
iffl fFee g ,iﬁﬁ (82 5t ¢ 4o normal distribution (4874 )& & o U ehiE @ G4k
) BeBRYS - P B ik @) BRI RHIT IV E 5 e~ 2.718281828459045.

[ Topic 5. i# 3§ 4F 1] Continuous Compounding of Interest

L ¥ Al p 4 flan ARzt mamd =t > APRf L% $47 1) (continuous
compounding) - # i & F — B topic ¢ = 5P 181 & 100% Hf|F ¢ o G- £ {5
*f4e 5 e dollars ($2.71828).

2. FrlaNE e A e

Continuous Compounding

For P dollars invested at annual interest rate » compounded continu-
ously for f years,

(Value after) e
= Pe
t years

E-AL € )

mt mt
limP-(1+Lj :limP-(1+ ! ] et n=""
m—e m m— mlr r

l nrt 1 nrt 1 n rt
B\ =1limP- (1+—) :P-lim(1+—J :P-(lim(l+—j ] =pP.e"
m—oo n m—>o n m—»o0 n

¢ ] 4. FINDING VALUE WITH CONTINUOUS COMPOUNDING

Find the value of $1000 at 8% interest compounded continuously for 20 years.



[ Topic 6. s e ¢ * & 3§ 4F 11 ] Present Value with Continuous Compounding

%kT@m3%%’ﬁﬁiﬁﬁtﬁf@**?%g%&%%%’%TWES%ﬁ,;m
B2 PoRIARESE Pe" > F2ZFAREL P > RER G P =Pe” -

Present Value with Continuous Compounding

For a future payment of P dollars at annual interest rate ¥ compounded
continuously to be paid in f years,

Present) _ P _ Po-t
value et

] 5. FINDING PRESENT VALUE WITH CONTINUOUS COMPOUNDING

The present value of $5000 to be paid in 10 years, at 7% interest compounded continuously, is
5000 _ 5000

60.07-10 60'7

~ $2482.93 Using a calculator
>> 1 lﬁ z}\@

A i o $5000 % future payment » F] G £ T F E A KA E GG D iR AT
PEREL SRR (AT AR PR O AKERER S PR)
[ Topic 7. i# $ 48 112 B & ] Intuitive Meaning of Continuous Compounding

EEAA S FEEPIL G (EB)TIE R f e GRS 20 o ek Lt * A
ﬂ’Mﬁﬁuaiﬁuﬁ%ﬁkﬁr*%%“*$’7*gﬁmﬁé°wiﬁ*%@méﬁﬁ
Flr 232 AEFLGEAAPL o

[ Topic 8. 4ri@ +t #4] % ] How to Compare Interest Rates

R dwie B3 I 2 b 16% OF I 158% R AT 7] A i
& - ﬁﬂ} Fag o~ 81 248 EE ] 'frp 0 HET o deb|dE 6 o

% ] 6. COMPARING INTEREST RATES

Which gives a better return: 16% compounded quarterly or 15.8% compounded continuously?

<Sol>:  For 16% compounded quarterly (on $1 for 1 year), 1- [1 +OTl6j (1.04)4 ~1.170

For 15.8% compounded continuously (on $1 for 1 year), 1-e"® ~1.171 <<better °

- &2 F\ AEREF R A AL T s E IS & TR EE IS (effective rate of
interest) " # 7 4 & ; (annual percentage rate : APR) ~ & " 4% | (annual percentage
yield : APY) o

F v & 4| % ( Effective Interest Rate) g g Mgl Em T | @5afliicd &
FEEN T ELIF o B 6 5B 15.8% m@‘ﬁ”&”} 348 > 81 - E2 (SRF KR
$1. 171’:}r“$:}£.ﬂ\$7 (g Fl A zIE $0.171 T E & 15 4p § >0 17.1% 242 73 7| 11 15.8%
* fL i ¢ &Y 0] 5 (nominal rate of interest) » 7 & &K b 158% @ FAF B AR R EE T
F(APR) 17.1% > 4274 ¥ i & £ OB H 89 % %
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[ Topic 9. 4p#icd#ic y=e" ] The Function y = ¢

I 4 e gives B2 - B 2 AT Ba i )= e B S B R LPR T BT E R
I,ZZL ’—"Li—qﬁ %’Eiﬁaﬁj%iﬁ o T%;IJ%%‘E&X l’é‘—'ﬁ#ﬁ%—]‘},@ﬁjex@; , F} }E'J-_’:__E fﬁég 513,&@113-&?__( .

X =e* Y
y=e 4
-3 e%= 005 101
-2 e?= 0.14 T
-1 e'= 037 T F) = ¢ has
0 e =1 57 / domain R = (—%,)
s and range (0, %)
1 et = 272 T
2 e =~ 139 > x
3 e3 z2009 -3 -1 123

Graphof y=e¢'is R=
and range is (0, *).

2. AR - LA EIO0 2 H

HehF )

TRy o RALH TR x 5 fE (7] dpdd

e to any power is positive.

3. BT S =€ 2 5B R F B ke Hi
h ok oo Sl R ER e /i Dk ES T
PR PRI T

koEARA o SRR B R AR (K i RARED) S F B

# BRI xR T BRT AL RSy e (0,]) & IO A
2L o

f(x) = ¢ for various values of k.



Section 4.2 Logarithmic Function ¥} #c 3 #c

AEAPE NG e o R AP A #cS B (namral logarithm function) o A {4 2
At P ARSI BCTF 5 A B R AL -

[ Topic 1. #t#c] Logarithms

1. Logarithm i 3 (%58 = log) & dp * dp ¥ (power or exponent) » 3p #c® & fic(base) B &

log 1% T & T34k o blde v logi 1000 L4 10 s+ =% & @33 #1000 - F 5 10° =

1000 » F]p dpdic® 3 3> 714 logio 1000 =3 = i & 45 T 4bdcie | @ F e n =+ 87
PRI o B i r%l;]@ifﬁy’
3% Example 1 — FINDING A LOGARITHM

Evaluate (a) logjo 100  (b) log, 0.125 (c) logs 729

2. 110 5 R¥catiics dior fE 5 - ¥ (common logarithms) » ¥ i ¥ ¥ ¥ vk Rl F)
# logl00 * # e7¢_logol00 o
3.0 AT R AT Ak e 54 0 Bl )T AR F A - it S 0 B L

Boik A a (1 %) > Jp H st $Hen® if B o

log,x =y isequivalentto a’ = x log, x means the exponent
! to which we raise a to get x

[ Topic 2 A #X%+#c])] Natural Logarithms
I BB EARR Y AR5 e (T3 2.71828) o 1 e 3 RBcenitdicddicr L5 A AR

(natural logarithms or Napierian logarithms)ex c7p X4 #c® = Inx (2 ¥ “n” £ “natural”)
"B~ Joge x o

Natural Logarithms

In x = logarithm of x to the base e Inx means log, x



2. T i P ZR%t#c (natural logarithm) S #cflx)=Inx #KE 4 R L BT -

X y=Inx Yy y=Inx
0.1 -2.30 f(x) =Inx has
domain (0, %) and

0.5 —0.69 range R = (—c, ).
1 0 N

2 0.69

5 1.61

10 2.30

15 2.711 Graphof y=Inx

3. FrAd i In x RWASER Ty phE EE BT o p ARSI Y AR g A
(modeling) #FF ¥ M|~ £ I % -

4. TEET 5B R AROHEI KR LR E FY R E LB, 0 BE TS a=]
APt RS Tl v RV AR B L AR

y

logl X

P 1 SF SR L EE S SRR CE SoRaE vt gl Y Sk S S S
Properties of Natural Logarithms

1. In1=0 The natural log of 1is 0 (since ¢ = 1)
2. Ine=1 The natural log of ¢ is 1 (since ¢! = ¢)

The natural log of e to a power is just

X — X
o die X the power (since e* = e")

4. elnx = y o 0 e raised to the natural log of a
number is just the number

< Example 4 ~-USING THE PROPERTIES OF NATURAL LOGARITHMS

(a).Ine’ = (b). In & =

(C). In 3\/6_2: (d) e Inx+5 _



6. TAlw BEEE L0 S feehak 2 K,f;‘z cedpiAE o Y M2 N A B ko
P i ER g B

Properties of Natural Logarithms

. _ The log of a product is the sum
5. n(M-N)=InM + InN o e i
1 The log of 1 over a number is the
& L <N> = law negative of the log of the number
7 In A_/I —InM —InN The log of a quotient is the
’ N difference of the logs
8. In(MP) =P InM The log of a number to a power

is the power times the log

< Example 5 — USING THE PROPERTIES OF NATURAL LOGARITHMS

(a). In (2:3) = (b). In (1/7) =

(©)-In (2/3) = (d).1n (2)' =

X TG HiEa g * B 3L (Applications of Logarithms)
[ Topic 3. #id F4F flentiin™ 2 ¥4 & #7F ¥ & ] Doubling Under Compound Interest
. B AEFERTORERS D B ?

éﬁi'lzzpzp-(nij ez:(nlj emz:m(uij =mz1n(1+i]

m m m m

let (;%-éﬁﬂﬁi a"a.%- eq 3R £ !)
m r
ln(l+j
m

BHAFJ D 2P=P-e"D2P=P-¢"D2=¢">rt=In2 >t=Lino

r

2>t=

2. BfREHRORATEF @7 IS F CIn(M)=P-InM(Gpdcendy e dpHAp k) o

sk Example 9 — FINDING DOUBLING TIME

A sum is invested at 12% interest compounded quarterly. How soon will it double in value?

<Sol>: We use the formula with r = and m = . Since double

P dollars is 2P dollars, we want to solve

In2

0.12
—— = %59
41n(1.03)

4¢
2P = P-(l +Tj >2=(1.03)" > In2=mn(1.03)" =4¢In1.03>¢ =

A sum at 12% compounded quarterly doubles in about 5.9 years.
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[ Topic 4. % 3 #| & ] Drug Dosage
Ff oA MR nfl BT DA Bl o B L R Y A 4 4 Ok A (initial
concentration) 3 ¢ (milligrams per milliliter of blood) » i ¢ -] FF{s o 2 ¥ ek B &% =
C(t) = ce™
H ¥ Lk 5w ¥k (absorption constant) » & # % P fgg A RIS TR a0 B o
2. A AER %’K’ﬁ B3 22k A (minimum effective concentration). § * 48 ¢ 4 k& M3tip
[0 Sl )T*U?u' ELHAMEREY kBT | FRERIERES > B ER DR 40T
Bl 51T o

3. B AEFHE s wrm AT L REFDFYHT TELAIFHEP &M15 2TER -

Concentration
c
I \ I I \
I \ I I \
Minimum I \ I | \
effective ——+-—-—-—~>-——->~——->J —_——d =
concentration ) ) ) . ‘
I I I I I
T 2T 3T 4T 5T
Time

Drug concentration with repeated doses

s Example 11 — CALCULATING DRUG DOSAGE

The absorption constant for penicillin (#% £ & %) is £ = 0.11, and the minimum effective
concentration is 2 milligrams. If the original concentration is ¢ = 5 milligrams, find when another
dose should be administered in order to maintain an effective concentration.

<solution> : The concentration formula with ¢ = and k = 1S

. To find the time when this concentration reaches the minimum effective

_In04 _—0.9163
—0.11  -0.11

2 A5 Y t

level of 2, we solve 5e¢ “'"'=2 (f&2% 4: ~8.3)

The concentration will reach the minimum effective level in 8.3 hours, so another dose should be

taken approximately every 8§ hours.

11



[ Topic 5. F =% & 14 #=z & % ] Carbon 14 Dating

LS5 i F e s et § 0 S B AR Gl B 2 H 0 1 Gl g
AT P E ek 9 - Anep C-12 o F)t i 7 (fossil) & & 47 (ancient remain)® A %
F1C-14 5 B 7 P K ERE B I Foeni & o

— ,—0.00012¢

2.t A GFHC14E R4 C-14 0 6] 5 y=e

Proportion
= =

| |

T T
5770 11,540

Years

t

Proportion of carbon 14 o 000012+
remaining after ¢ years

< Example 12 — DATING BY CARBON 14

The Dead Sea Scrolls, discovered in a cave (i X ) near the Dead Sea in what was then Jordan
(5 =), are among the earliest documents of Western civilization. Estimate the age of the Dead Sea

Scrolls if the animal skins on which some were written contain 78% of their original carbon 14.

) In0.78 —0.24846
Solution: t= ~
—-0.00012 -0.00012

~ 2071 approximately 2070 years old.

[Topic6. 7 % # 5 : & ¥ 123 ] Behavioral Science: Learning Theory

1. —F1irenin+ Vil 9y kecie o — Lk ARY 1 B P
Hirt BEH -(FF)E > 1 FHITE &7 S PR Sk

S(1) = c(1—e™)

A9 cg kg Ln ¥ e o

Time

< Example 13—ESTIMATING LEARNING TIME
-0.25¢

After t weeks of training, your secretary can type S(f) = 100(1—e ") words per minute. How

many weeks will he take to reach 80 words per minute?

_In0.20 —1.6094

~ ~ 6.4 about 6.5 weeks
-0.25 -0.25

Solution: t

12



[Topic 7. 4+ ¢ # % : F34¢iw ] Social Science: Diffusion of Information by Mass Media

Y- BAEEFEAFR SERBA TR P PFRRE 22 |
BRIFTR PO LB L p()=1-e" B k 5 ¥ #co

Juy

M=

p(t) = 1— ek

Proportion who
heard the news

< Example 14 — PREDICTING THE SPREAD OF INFORMATION e

A storm warning is broadcast, and the proportion of people who hear the bulletin within ¢ hours
of its first broadcast is p(£) = 1—e **”. When will 75% of the people have heard the bulletin?
Solution:
Equating the proportions gives 1—e > = 0.75. Solving this equation gives ¢ ~ 4.6.
Therefore, it takes about 4.6 hours for 75% of the people to hear the news.

13



Section 4.3 Differentiation of Logarithmic and Exponential Functions :};] Bo¥ B S0 Bopie A

[ Topic 1. #f3#c 3 e #c ] Derivatives of Logarithmic Functions

1. A 2 ##kc(natural logarithm) o e e~ P40 ™ 0 [33 3]

Derivative of Inx

1
—Inx=- The derivative of Inx is1 over x

dx

#wM L (GER section 4.3 *iHék)

In(x + /) — In(x) 7

4 o = lim - - lim(lj ln(x * h} - 1im(lj(fj ln(l + ﬁj - (lj lim ln(l + ﬁ)”
dx h—0 h h—0 h X h—0 X h X X h—0 X

—1In

X e
Let n= -, when h approach zero, n approach infinite.

wi = (Limnfie 1] :G}H[m@%j"}:G}H(e):;

< Example 1-DIFFERENTIATING A LOGARITHMIC FUNCTION

a. Differentiate f{x) =x" In x. b. Differentiate f{x) = Inx .
X
2. mitafics Pl P AHE - B Rl e 0 B VS fy) A
The derivative of the natural log
ln f(x) f () of ; folle\ti:)sﬁ\iES (t)hcli&cl:iqv;]triz'c i;f
fx) the function over the function
< Example 2-DIFFERENTIATING A LOGARITHMIC FUNCTION
a.Find L ln(x* +1) b. Find L In(x’ — 5x+1)
dx dx

14



[ Topic 2. 4h $c S Heen ¥ B ] Derivatives of Exponential Functions

1. #;]gtsx.gtex A LR ATl

Derivative of e*

[Fr#ise

’__Slope =3

d aty =3
%ex =e* The derivative of e* is simply e* o Slope =1
_j aty =1

x

. - ) L For y=¢', v =y.

B Ly PR A ymed ey
2 l— —},‘]‘L Lﬁdﬂj ,('9 Iljﬁ;-f& :-&r%yzex; Eljylzex, ?Py =y’ _{E,f—k%%]zljyzex é‘—'ﬁ" '@;2‘!;,
AL BT b I;ﬁ-.—#ﬁf T L Y =y"=e" Fp y=e iR R RaER (T

0)r v v » F (concave upwards) (%] 5 y">0) °

3% Example 4 and 5—-FINDING A DERIVATIVE INVOLVING ¢&*

#4.1f f(x)=e"/x,find f(x). 45 If f(x)=x¢, find £/(1).

3. H A CRPIE & b AR — B Sl x) P ARl e’ e e
|7 A

Derivative of ef®

The derivative of ¢ to a function is ¢ to the

ief(x) = ef(x) -f’(x) . . g 9 .
dx function times the derivative of the function

o ef(x)/{gr PR I’

sk Example 6 — DIFFERENTIATING AN EXPONENTIAL FUNCTION

Find d et
dx

4. g Hi S A DN FE LT o 2P fix) f R fo

Logarithmic Exponential

Formulas Formulas
ilnx _ 1 ie’( = o Top formulas apply only
dx X dx to In x and e*
i Inf = i i ef =ef - f’ Bottom formulas apply to
dx f dx In and ¢ of a function

15



< Example 8—DIFFERENTIATING A LOGARITHMIC AND EXPONENTIAL FUNCTION
Find the derivative of In (1 + ¢&").

5. TAIANEP Mane gy (Fadk L) BT h e o

Derivative of e

d
— okx = fekx For any constant k

dx

6. ql"X ll; \-—llgt/% i—f }'Jm/f:hv%’é} > %-‘t-y kJ/ %ﬁ 5’/5} F #"%@-{'% ;}Flgt:l\'-p\ rr]'E- gi LL %/\;}%gt
TP e e i A N EAP R N B B T R S AT 0
BEEPER NPT R BN xo

sk Example 9-FINDING A RATE OF IMPROVEMENT OF A SKILL
After ¢t weeks of practice a pole vaulter (# % B*i% <) can vault H(f) = 5
15-11¢ " feet. Find the rate of change of the athlete’s jumps after 10
a. 0 weeks (at the beginning of training)
b. 12 weeks. Hint:e? = 0.30.

This result is typical of learning a new skill: early improvement is rapid, later improvement is slower.
This trend is called diminishing returns, and may be seen in the leveling off of the pole vault heights

in the graph below.

[Topic 3. # = i* i } % B * ] Maximizing Consumer Expenditure

L. g;&% % - 7 & (commodity) fP#icE B A% & R o *"f r]}ﬁé Bl R x% f;;
& P B‘i;' T\S’g‘:ﬁ D(p) ;}‘3‘-%‘;? m&i b—— '%ﬁs' "ﬂ EES (E\"ﬂ

consumer expendlture)

Consumer Demand and Expenditure

Let D(p) be the consumer demand at price p. Then the consumer
expenditure is

E(p) = p-D(p)

16



< Example 10-MAXIMIZING CONSUMER EXPENDITURE

If consumer demand for a commodity (7 &) is D(p) = 10,000e "% units per week, where p is

the selling price, find the price that maximizes consumer expenditure. Hint: maximumize p-D(p).

[ Topic 4. 45 #c¥ ¥4 #c g B ] Graphing Logarithmic and Exponential Functions
Lo = BRI E Sk T e B R 0 F AR NS PTRR M F g

Bt S BE R BT A P PR B ek R SRR AP E R - -
S fied F M f B4 (sign diagrams) k- w0 Boeh R LR 0L 2w o

Graph fix) = ¢/

2. Example 11-GRAPHING AN EXPONENTIAL FUNCTION /F
= [ T

f(x) = e*/? on[-3,3] by [-1,2]
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Section 4.4 Two Applications to Economics: relative rates and elasticity of demand
RN ) R I B SN e
AF AP é T & T An b %5 (relative rates of change) )t 2 (G 7RE F 4ofe @ * o {2

AP g - BEAREY- BELE @A (T 7 fesE ) (elasticity of demand) -

[ Topic 1. & ¥+22 4p ¥+ % 5 ] Relative Versus Absolute Rates

1. S#cehi Solic S 3% S Bicdp M % 5 (rate of change) © B HI3LP » 4o% ) - BHETF A%
t EFeh A (cost) P (1) 5> AaneF (2 A/FE) T =3 AL ESF s A F
SEMIEA R ek g(t) B SATE AR ¢ EAB R B () 5B RS

(i ;L‘/E‘-E)O U g’:300 f)vzﬂ"\}:f_\‘fl ‘;’f‘ﬁ%’hﬁ.;{%:‘ ;—;_ﬁ-cig 3001% o

BIEidand 0 EFAAT OB EARF BRI XA FRO G HARSF

PR ERLF T ARAoR o BRI Y R IEETF HT 8 2 FF R+ 0 (enormous)

[\9]
l-r'
=N

m =

%
% % (price difference) -

[ Topic 2. #p %+ % = ] Relative Rates of Change

FA) - ERELFR B R ) s EHEHEF (absolute rate of change) > ¢

¥t % 5 (relative rate of change) 3 f'()/f) > ™ "Ap g F TR I p rn%
Fodilic o— A T OAHFEFNAREE A FHET b4 BP A AR E (gross domestic
product) AR % & 52 & & 3% (£ L F 3%) > - 2§ FEGHFIFE
§400,000,000,000 (4 #i e % 4 @ % ~) BF 3 FLfE o

2-rwﬁ%ﬁJﬁiﬁﬁf@ﬂ@ﬂ?%{fsﬁﬁﬁ&%Jﬁﬁ»mﬂ:

S
S ()

Flitigs BT TAAHRS Y - AT LR p AR RS s o

Relative Rate of Change

Relative rate of | _ ilnf(t) _ [ For a differentiable
change of f(t) dt f(t) function f >0

1nf()

Bl A FAEAPEF L 5ea B o g Bk 5P Fnd 7210 ”#T;f/ R s
Y e B | (logarithmic derivative) e

3. FL Tipyr®s | - By ESs R A TR gfﬁi’;ﬁ&mﬂf“'t"ﬂt“#ﬁ;f%? *ogopt
B R AH g 41 R R R B TEHEE | U TR HE S | ¢ R S
H o Blded ] Bk 0 PHEFZESEF 3% EEHEFIERM T 4 FRE

s O
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< Example 1-FINDING A RELATIVE RATE OF CHANGE

find the relative rate of change 25 years from now. [Hint (1) iln G(t) or(2)

1.

If the gross domestic product ¢ years from now is predicted to be G(¢) = 8.2¢"" trillion dollars,

G®

# %40.10]
G(?)

[ Topic 3. g A58+ ] Elasticity of Demand

B4 ¥ FRACE — 25 A % ¥ T (abundant harvest) P i et 4T ~ (lower total revenue)

B&F v T (poor harvest) Prigenia » k@0 o iz BRd (A H > F 5 2R Tk

s T R T g;géiﬁjami\gﬁ’f‘rﬁ CAR ST P P ISPE o BT AR

2 & & l%ﬁg F 18R T R=price * quantities, % - B % # L pF > ¥ - ;B;:Tx&—[ % o BY AT

EIR A S S P L P }agﬂ%‘f—r ey — B o ﬁ%,;.JF;bpq s T2k ]% FoTE 1% T %
2% BB 4 0PI N € H 4 [0.99%1.02 = 1.0098 > 1]~ i 4e% H T E 1% B ¥
% 0.5% B 4 o BT~ €85 [0.99%1.005 = 0.99495 < 1] - F]pt [ F feemsfiifs

ERBRAAFEM Y kAT SN A -
Prag el A E T D E il e T F Reaen ot b e T Ransc gt B

Understanding Elasticity of Demand Brief Examples

If a 1% change in price brings E— 2% _

Percent change in demand a 2% change in demand: 1%
Percent change in price If a 1% change in price brings %OO 1
only a 3% change in demand: E= 1% 2

Az g falid | Eo 47 0 8g S 5 sl in(elastic) * & 3 s in(inelastic) © F
E>1> PIfi &5 #it(elastic) s F E<1> PIFE i 7 & 5 & (inelastic) ;

Demand is elasticif E > 1
Demand is inelasticif E <1
Demand is unit-elasticif E =1

AA

Y k- Bo|F E=20 Flpt £ 7 LI MM (elastic) ¥ = BH|F 5 E=1/2> F|pt

2 ¢
AN ;‘l”ﬁ B4 er(inelastic) o

ﬁﬂ S
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5. B oA T sl 2 kil B xj\s\ T R R T B aoF & (elastic)
* A&7 B K F F E(responsive) s T3 s eng R (inelastic) %\ REFERF G F
f@(unresponszve) Wy s T\J (elastlc)m TR BRTHERES G RS EH A

PR A o 5'— s g o T g & (nelastic)m % > F BT EREE W

F R E F RH e o F T R o Good or Service  Elasticity
Clothing 0.20
CAEF EHF S RP L v e T kg o R YRS fosne 030
hl _ﬁ_mf,ﬁ Mo det 29T o L& ¢ BET 1 2 E % R & (necessities) 4 Movies 0.87
Automobiles 1.87

RILE SR EE > H 7 f'—’ﬁ Z ResiEd s T A )i* l% B’ /ﬂ B F Restaurant meals 2.27
p % 5 Fresh fruit 3.02
(k2 rﬁ 'Q [ IFB ° IE_ 'EL v Zﬁ ]% ‘EF; (luXLlI‘IGS) -l-(r'}{% %&m’? 1"L'E /'L é, ;F[ -}\ Source: Houthaker and Taylor,
? : :

H
Y ZE M Yoo @ ek RIS O H o R Vi i g b ° Consumer Demand in the United
q‘ﬁﬁk‘ Ij‘] " Iﬁ ) F] ‘}HJ 'f ¥ zp\:ﬁ Rl ] nﬂ' F )ﬁf; % *)"E'— - 5};’ States, Review of Economics and
Statistics, 62

Demand Function
X

Demand function

The demand function o Dir)
= D(p) £ ’

gives the quantity x of an item that will be demanded by consumers if &

the price is p. Price ’

Law of downward-
sloping demand

6. — dna = > "i%' B 3 RERSY T LL;T,—;i\:sgcmu,z,{g
e (RR) Blorr c BRI faid 21+ Tul nF KT E (the law of

downward slopmg demand) °

[ Topic 4. :+ & F F3E %] Calculating Elasticity of Demand
For a demand function D(p), the elasticity of demand is
—p-D'(p)
D(p)
Demand is elastic if E(p) > 1 and inelasticif E(p) < 1.

E(p) =

7% #4 (Elasticity) £ TipH %3 ored > 2 § R F Kokl o Fp ML ¥
PRI R & T R R
% Example 2-FINDING ELASTICITY OF DEMAND FOR COMMUTER BUS SERVICE

A bus line estimates the demand function for its daily commuter tickets to be D(p) = 81-p* (in
thousands of tickets), where p is the price in dollars (0 < p <9). Find the elasticity of demand when

the price is:  a. $3 b. $6
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a. Interpretation: The elasticity is less than 1, so demand for tickets is inelastic at a price of
$3.This means that a small price change (up or down from this level) will cause only a slight change
in demand. More precisely, elasticity of 1/4 means that a 1% price change will cause only about
a (1/4)% change in demand.

b. Interpretation: The elasticity is greater than 1, so demand is elastic at a price of $6. This
means that a small change in price (up or down from this level) will cause a relatively large change

in demand. In particular, an elasticity of 1.6 means that a price change of 1% will cause about a

1.6% change in demand.

[ Topic 5.] Using Elasticity to Increase Revenue

EHRE2 Y APFRFER S B3 FREA LG EME S FL R RIEIER §HF
TR AR e Bl R %ﬁk%mzp@gﬁ%%%’ﬂﬁ BomaRRER gL
R o

Toca F R L S6M . FRLL ﬁwm’ﬂw%%ﬁ&%g**ﬁéiwﬁ%%
oo Bl R el M B2 P IERE k‘%'%’_*:w%—«ém'%%é § =5 B e

- dm g o kg RS T R R e i Ao r R AT

| Elasticity and Revenve |
To increase revenue:
If demand is elastic (E > 1), you should lower prices.
If demand is inelastic (E < 1), you should raise prices.

1w okt *‘;fuﬂ TR T ReEl Aot ehE R o HEP D BEER R F E

AEEEPOAFEMELERER LY R G Rk g PR A pre B Uk

% E=1(>* Jf]a-p i H > unit-elasticity) Z_§ i &L K2 - i&xk%\» 7 e Bk it o 7
PR RN B ERE S Lo

At maximum revenue, elasticity of demand must equal 1.

ApF g eBFFEE > - Bt g BAMNER AP REER T FE A
B Rl Bk R AT E Bt 1 DR AL

21




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


