Section 5.1 Antiderivatives and indefinite integrals » 3 & 827 % T A
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[ Topic 1. F #3822 72 24~ ] Antiderivatives and Indefinite Integrals

L APERY - BHES6F LREHL - Fls XX hEads v o F 2x hF Fadk
(antiderivative) 5 x:

An antiderivative of 2x is x° Since the derivative of x* is 2x
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2+l 17 x+e Since the derivative of each is 2x
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it ehE f s dic (most general antiderivative) % x°+ C

2. 2x - it ihkE OB E 2x 97 T4 (indefinite integral) > ¥ - 2x B A A 5L
(integral sign [) ¥ dx ° f:

J.2xdx:x2+C
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3. - B AAHA(AFEFA)T HEIBAE S O+ 0) pieh LFEpHA Sk ) ke

Jf(x) dx = g(x) + C The integral of f(x) is g(x) + C
if and only if
g’(x) =f(x) The derivative of glx) is f(x)

[ Topic 2. # ~ #LF|] Integration Rules

LoFsFdanple o Kitfhe o g aiicf e ¥R r g T3 x ¥ ik 2 Sk

eff o v ok p 3t dichie s AR (Power Rule for differentiation) ik m & o d T 2 0 &

- B ox ¥ B SlRf s 0 8
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Power Rule for Integration Brief Example
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J ldx=x+C The integral of 1is x + C

2. tepgA A rdEG e TF Bk B T R 3R T ORB G AR e B - B
Bl G T4z 2R > vp 1 Ta Badifpie b fha ) 30 TR R A SR 4p4e o

Sum Rule for Integration
The integral of a

J [f(x) + g(x)] dx = J’f(‘() dx + fg(_\‘) dx sum is the sum of

the integrals
Toe 2 8R) PUBEDF A TR I BIBEMNZNR2  FEFRE ARSar > 8- B
+C TV (FIa vV P& B T Ly B2 - 42) o

% Example 5. Find (a). [ (¢ +x)dx.  (b). [ (& —x"+x")dx

30 0% BRI ETABRZRR pvEP T AAFA S BOT B b T BRI A PRl o

For any constant k,

The integral of a constant times

J. k-f(x)dx =k J’f(‘t') dx a function is the constant times

the integral of the function

% Example 6. Find (a). [ 6% dx. (b). [ 2-(x" +3x+5)dx.

4. Tl G- A G - SRR - HE R Kk

Integral of a Constant

jk di=ki+ C The integral of a constant is the

constant times x (plus C)



[ Topic 3. # 4 et it f§ ] Algebraic Simplification of Integrals
1. 7 EpFiE- B4 S#ic (integrand) % F & A F B A Fe B2 v A0 wff A o

- v

% Example 11. Find J x> (x+6) dx.

% Example 12-RECOVERING COST FROM MARGINAL COST - A company’s marginal cost
function is MC(x) = 6+/x and the fixed cost is $1000. Find the cost function.

2. A E5 cost function ¥ F T 5| Ilﬁﬁ.ﬁ ! # » marginal cost 2 {638 H T L ¥ #ciE 0 4o
s t¢‘-i——,-_|-‘ o
1. Integrate the marginal or rate of change.
2. Use the given fixed value to evaluate the arbitrary constant.

[ Topic4. = & % #&e % @ & & )] Geometrical Interpretation of the Arbitrary constant
L. FF AL EHA? 0 AC B ELVHEVRERE ST

# o o3 12 ﬁ_f 2xdx=x"+C % hi- BREL & y

ﬂ;% F\—:";’i”Cfg’f%““::‘\'— ﬁ;"gdz fg’{{,] iﬁ%&\ﬁjl{:‘:%;— B %\'ﬂﬁ’lg;bo
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tangent lines at x =1
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[ Topic 5. # ~ 4rF i 4 9{r ] Integrals as Continuous Sums

1. Vi e A > fid total cost 4 f#=3F % Frmarginal cost © ff 4 > ,T*‘uf%d; %L
F % % ¢ marginal cost iF o % 4e 0 ¥ {7 | F ¥ 50 dk total cost e
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Integration is continuous summation.



Section 5.2 Integration using Logarithmic Exponential Functions 4p #c¥f #icd ficff 4+

[ Topic 1. Ie‘”‘dx #% # ] The Integral I e“dx

Lo A st e Hes > 8% 5 Tpdicd & 1 T dca > Tae™ - Fl 4 e o 4
o 2R N ARl SN " TH¥¥ca, - HEZL ¥ H&ka#0:

Integrating an Exponential Function Brief Example

il
J.{,m' Ef.\‘ - EE;M L C J’l,_'_'r d.‘.’ P ]:{,.'f. + C

L,
% Example 1. Find (a). [ e* dx.  (b). j 6e > dx  (c). jex dx

R AR L
_E/y-&r'ﬂ?v /?:Hv’t er j\_@/o

J’("" dx=¢"+C lhe integral of ¢' is ¢' (plus C)

[ Topic 2. 3+ & # % 4%~ ¥ #ie C] Evaluating the Constant C
1. #BREP “rdy i % 'hr' i % (initial

To evaluate the constant C:

'+ )\ ,_L
Value) o~ % & 2.9 o 1. Evaluate the integral at the given number (usually t = () and set
X the result equal to the stated initial value.
o ., _ s e
2. ﬁq: ¥ ﬁi: Cai— - =3 42358 o 2. Solve for C.
3. Write the answer with C replaced by its correct value.

3. MABALEY HCIT D FER : :

Bl oo

[ Topic 3. x* 7% 4 ] The Integral _[ la’x
x

1. Hgsk o 50 dilnx=l FOUBE R S s O j —dx=lnx+C »H2*¢ x>0 75 %
X X
" iln(—x)=_—l=l (since
dx -x X

el

Eadh T BB 5L (0,0)° ¥ x<0 @ 3 % In(x) A

(f( )= ]}((x)))o Flot 4 x <0 el Ux s A% % 5 In(x) e 3R In ()% ¢ en
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2. CRMEADREI R R EBE M AR E K o

1 ix
I—m‘z S fth = Inlz[+C
X 2

< Example 3 — INTEGRATING USING THE LN RULE

Find J. 2ia’x
X

[ Topic4. p 4% /Rij 4] Consumption of Natural Resources

Lo 2R Ar ERdplicena & > FRe R FEYE) AT R Tl & - AT S EH
W #% 5 (rate of consumption) #Wff 4 Kk fpitd AT A kiz- PFR 2 Tl <8 - d

Ll =5

FALRI P AR T ROBEERE (reserves) @ PF € i 4270 % (exhausted) °
2. % Example 6-FINDING A FORMULA FOR TOTAL CONSUMPTION FROM THE RATE

The annual world consumption of tin (4 > 8 v 4%) is predicted to be 0.26¢"""" million metric
tons per year, where ¢ is the number of years since 2008. Find a formula for the total tin consumption
within ¢ years of 2008 and estimate when the known world reserves of 6.1 million metric tons will be

In1.235

exhausted. Source: U.S. Geological Survey. [Hint ¢~ =21.1]

[ Topic 5. # ~ 13 B R ()] Power Rule for Integration, Revisited

1. Frenfg o B o7 Aeie 4 x! R A 0 U B - iy dpdioandicit 3 AR BORP AT e 7 oo F]pt A
FTUEE S AN XL - BxnE R s

Integrals of Powers of x

1 Use the Power Rule if

4o o ifn# -1 A Al
J’Iu dx = {H‘ ESi C 1n1s :'.-.-.-:- than

Use the In formula if

In |_\‘| + C itn=—1 n l'\]‘.|\||“‘

FARGER L F - B ox PSS EEE S LT - B oy s F T x

2t TSk L - By P A¥ladk Inly -
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Section 5.3 Definite integrals and areas ZT_ff 4~ & & £

AEE A HACR IR Y RT D6 0 B LAIEDT A BT Z%tﬁ%\?f%*\fti‘%
(Fundamental Theorem of Integral Calculus) ¢ 3% i~ { i H ;\ AL R AR
Ao B AT EFT BT PR -

[ Topic 1.¢ %™ = & 4 ] Area Under a Curve

. TRz 5 - B2t S PAPELZFEIR2ZT v xdh2 F ~ ZNTIRNx=aq
Bx=b2 Fhe ff (FHYRT 5 ﬁéf) o Vi 0 H F BAEA( K A rectangle) k
WBITIEH T B o &r”\‘r'“ B #7707 B35 9% (base) ik # 0 & BB 0% (height) &
Wi gk oo X fL 5 2487 (left rectangles)

v v = f(x) Y “e 1Tor are a” iy = f(x)
% Y=, ¥ =

\\ S e

L]

area under f
fromatob 3

a b * a b

2. Aol o BT BAEA)EZ Y RT S DG ff T i
B tR+>d d %P TL G fFFALE (error area) o 4ot ]

Ao F AR T L BB KRBT AT G fFE T Y
Fr- BEEDITN o o™ B9TT 0 F REEAP TR
AF LRSS LG LA - |

3. LRAFAPE { FEAr RimiTd AT e A B AR
g2 s . L s ., Area under f froma to b
‘oA L d RT3 G f%_l} W ’fx‘!\é ¥ AT 2 HEEA B ”ﬁ approximated by 50 rectangles
# LS B apFEE o

< Example 1 — APPROXIMATING AREA BY RECTANGLES

-

Approximate the area under the curve f{x) = x* from 1 to 2 by five rectangles. Use rectangles
with equal bases and with heights equal to the height of the curve at the left-hand edge of the
rectangles. (Ans: approximate 2.04 square units)

Sol: (1). 451 base: d a 3| b 4+ 3 n i > - PER /
(A)C): ° - | areais

the height helEht
Q). BN=zFRehF P BXFR T BB x BAYG Tﬁ 'hz'
X~x, 0 3% x=10=a, x,=x,+(2-DAr=a+Ax=12, =T ad (232
X =x,+GB-DAx=a+2Ax=14, x,=x,+(4-1)Ax=a+3Ax =16, -
Xs=x,+5-DAx=a+4Ax=138. g
e  ET : o
f()=£1.0)=1 f05)=f(1.2)=1.44 il PP
f(x)= f(1.4)=1.96 f(x)=f(1.6)=2.56 | J/—T
f(x)=f(1.8)=3.24 il

1 12 14 16 18 2

Arx=2 Ax=.2 .\\="
6 Ax=212 _\\—.2



5
B A=) f(x) Ax=0.2-[1+1.44+1.96+2.56 +3.24]=0.2%10.2 =2.04
i=1
ol Lo ki R T BAEA RBITY RT o FA M L0 B AP

t e iz ki 5 e KRS AT R T A LR BRSBTS ML A

FTUBFRA)=X" hox d 1527 Féwir 73 T3 HE = dot T BATT o

¥
Number of Sum of Areas
Rectangles of Rectangles y=x
5 2.04 +Found in Example 1 '
10 2.185 - - 2.
100 2.318 1e sum of the e
] : square
1000 2332 areas is approaching fl',ms
10,000 2.333 N1 : X

o 1 2

RV 48 p. 361 #9 Approximate the area under the curve f{x) = Jx from 1 to 4 by six rectangles

with equal bases and with heights equal to the height of the curve at the right-hand edge of the

rectangles. Write the answer approximate the area by 1000 rectangles with sigma sign.

[ Topic 2. Z_#% 4 ] Definite Integral
. - B2 S8 A RTaHFFI n BB K@T > H- LR/ LT

Area Under f from a to b Approximated by n Left Rectangles

b—a
1. Calculate the rectangle width Ax = Tt

2. Find x-values xy, x3, ... , X, by successive additions of Ax
beginning with x, = a.

3. Calculate the sum:
Slq)=Ax + florg) = Ax + f(g) = Ax et fla )= A

Fah 3 R efl i K 4 {o (Riemann sum) - .
2. F WA Y o AR RILA (4 RS BAET ki) 0 LRI § 0 AT d

7

T

1

b a2
FofEi e fd a b aegs  Bd jf(x) de. I 3% E4
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Definite Integral

Let f be a continuous function on an interval [a, b]. The definite integral
of f from a to b is defined as

b
J f(x)dx = lim [f(.\'ﬂ “AX = o) AR = e ) Ar}

y
b—a y = f(x)

, and Xy, x3,...,X, arex-values beginning with

where Ax =

x1 = a and obtained by successive additions of Ax. If f is nonnega-
tive on [, b], then the definite integral gives the area under the curve from
atob.

area = J: flx) dx

a b

#iEa & b fLIHASTREL R (the lower and upper limits of integration)

[ Topic 3. #&#% 4~ # » %32 ] Fundamental Theorem of Integral Calculus

L - ok BF- LA S HRFTAEI Faf b Higpg st Ransdkifd

-+ ?} E?"’J.ﬁi:fﬁ o b
F(x) = F(b) = F(a)
a St e
Evaluation at Evaluation at

upper number  lower number
¢ Example 2 — USING THE EVALUATION NOTATION

5
Evaluate x* L )

2. T A eficfh A & & 232 (Fundamental Theorem of Integral Calculus) Ap Ndeie i * M3 %
#% 4 4 (indefinite integrals) %3+ ¥ " %f% » , (definite integrals) °

Fundamental Theorem of Integral Calculus

For a continuous function f on an interval [a, b],

b } The right-hand side
I f(x) dx = F(b) — F(a) )

may be written F(x)

where F is any antiderivative of f.

Fatene A T e ) (FE foedgliE) & T F H 308k (antiderivatives) 2. B e
AAMG - VR I - BEHFEATRY TH A BRI PHBIAY

(1). S Beh? T~ (A FEF Fol) (7 &% +0)

Q). #EF FEafeent R T R aE e
3¢ Example 3 — FINDING A DEFINITE INTEGRAL BY THE FUNDAMENTAL THEOREM

Find Lz x* dx.



3. TR/AFHFIPTEIIHFALAENF D GRPBTRIHFLERSFL fr'rﬁ%}i‘q’i o H ¢
- N RAIRKERS ¢ B EADFRL R e B Ft g R ES g c
SRR LA B EE AR GR) 0 B F R B S AR e R 0 F WL4 g
= S0 B AR S () o

>
»

>
»

#
Properties of Definite Integrals
b b A constant may
cflx)de =c | f(x)dx be moved across
a a the integral sign

I'he integral of a

b b b

[f(x) £ g(x)]dx = | f(x)dx % jg{.r) dx sum is the sum
a a a of the integrals
(and similarly

T Read both upper signs T

Lt ; for differences)
or both lower signs

s Example 6 — USING THE PROPERTIES OF DEFINITE INTEGRALS
Find the area under y = 24—6x” from —1 to 1.

-1 1
y=24—6x*
is nonnegative
on|[-1,1]

[ Topic 4. & 3§ H = ¢n% = & ] Total Cost of a Succession of Units

1. %% - B+ A~ (marginalcost) S#c> 5 - B T#HE®F | p 52 & (total cost)
Plde o @i 100 3| 400 B H anid S h o EIE S e T D AEEE S A 0 £ 35
EMFA(F Eade) & 400 chig> T3 LA & 100 hiEs g T ‘@l:,g 100 3] 400 &
H i koo B @ E g A kg g S kS A -

Cost of a Succession of Units

For a marginal cost function MC(x):

Total costof | _ [” o
( unitsa to b ) = _[ MC(x) dx

Example 7 — FINDING THE COST OF A SUCCESSION OF UNITS
A company’s marginal cost function is MC(x) = 75/ Jx where x is the number of units. Find the

total cost of producing units 100 to 400. [Ans: $1500]



2. Hizmen TR 5 | (rate) fix) & a F| b tafh » > &3040 2 (total accumulation) 4 a ¥| b
HIH FFE??“'%]F\ flx) g o

Total Accumulation at a Given Rate

Total accumulationat | _ [* () dx
rate f froma to b L lieeh

o)

TRETIGEREZ A FBease P VAR AFHATRIEF VAT G T
Kf%'é’\ Fo18 Y’L:z'{%‘!?:,l—isﬁ‘%’éj-j}[‘ I—,%,L S o—rglt‘ 2T "‘iﬂ‘é‘_ %.'}:3“_.1 f’?!’f"ié_’; » ¥
,'j—Fli Fl— B AeHE B A 0 3R FERLERA A AL EERLR -

%

marginal cost productivity
/ / sales rate
= e total work _;_E
3 3] accomplished Y total sales
B total cost B between o from day a
a of units ?: hours RS to day b
atob = aand b A
a b a b a b
Units Hours Days

Example 8 — FINDING TOTAL PRODUCTIVITY FROM A RATE

A technician can test computer chips at the rate of —37* + 18¢ + 15 chips per hour (for 0 < ¢ < 6),
where ¢ is the number of hours after 9:00 a.m. How many chips can be tested between 10:00 a.m.
and 1:00 p.m.? [Ans: 117 chips can be tested.]

[ Topic 4. # ~ # 7 ;2 ] Integration Notation
1. BEY (FHMF2 S &2 sigma) g P & e (sum) > F]* % & fo(Riemann sum)

PR A Y S0 Ax. BF L B foARE R A B S Ao
1

as n— o
Zf(xk) Ax—>j f(x) dx Z becomes J. A becomes d

T RILAP - BEfFA R ERE R F R B H - e f
BRE R dx Pk e

‘ N
-
Wi
<5
wE
=
=
N



[ Topic 5. S #cenit § &) Functions Taking Positive and Negative Values

L %§fomn A3 Eard ol o TR, &2 sl e T A B E A - Bl
BT froafie FREELE o HELE S BEAA T o FLSBEA)E fE
T T L § e R E

@™

FTS

¥ = fl(x)

2. W foerim UE L fp A B § St x phT 2 o PIERED g ff o Ft - Badikd a
PO Fd ME x 2 Fing ff (TFA) B¢ -BF 32 i5aaf HEL x $h2
—mm%ﬁiﬁnixﬁjLTmmfga.&rT@bTﬂ: °

—5\\

¥
/]
| W

['fwdx=a,, -4,

T
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Section 5.4 Further application of definite integrals: average value and area between
curves T A i - A TIHETILEA B W2 ATRE S G

AERALEfLNF BERE P PF I TS THE & T N2 Fehg ff o THE
MR e FF N AL S TR E K TR TR R AT E R TEERN

’ﬂ it T - R Lol 0 THE- B adc AF cd AT e R AFSE
5 ‘?" F (trade deficits) r#c® > F|% > F k402 & (lives saved by seat belts) g & % o

[ Topic 1. & #cenT 518 ] Average Value of a Function
Lon gt 3@ 5 975 il e QB L5 ne bldra, b,c = BT IBE
Y R

Aoy - BoBch- BRI DTIDE? H4eN PG - Bu%th%&m&
Bddic R PRIty - A2 A NTHFRE?FARANPTNE - B Flel- XERE
”9%1hb24@miﬁm’ﬂa¢ﬁéﬂﬂﬁﬁvﬁ@%%mm&°

2. B kg o T T3e ) 80 Mg (leveling off) = 8 - T35 y

B R (average height) "k T 4 » 4ot Bl P #77 & BT 32iE 42 f(x)

g417 LE (hills) o fF KEB LB (valleys) i ff - Tt | AT oz rernge
Rk Td AT aheff B4ETR T-RTRTamf Apk > T

-

height
Flptoo ApEE RN TEE R G

Average . — 2
(b—a) J f(x) dx  Equating the two areas b—a

Average J-f( ) d Dividing by (b — )
x) dx 1vidin —-a
height b ae 8oy

ERHPASENPT U FRAFIEER BRI DTIDE - H Y RAT e R G
(b—a)[#g >t n BTHHE LB P "lljg op]e

sk Example 1-FINDING THE AVERAGE VALUE OF A FUNCTION y
' = = = 3+ Y= -
Find the average value of f'(x) \/; fromx=0tox=09. Y I

-7
9

12



[ Topic2. & %2 B g f# © + T ] Area Between Curves: Integrating “Upper Minus Lower”
1. iﬁg\'a u—;—l- ’é" ¥ A2 T g ﬁ o —?Q’:“‘- N B K2 TG ﬁ s 7 u—;J. ’g.’f r ) ;L‘_;,' e

(upper curve) T g fF 0 B2 "= R & & (upper curve) T o TE o AT BT o

Yy
i
f(x)
minus
g(x)
-
a b
PUFE A e T AT
b b b .
J’ flx) dx - J’ glx) dx = J’ [f(x) — g(x)] dx
a a a
* 1
Upper Lower
curve curve
2. Tl M2 im0 FIFE A y

[T () = ()] dx
f(x)

Area Between Curves

The area between two continuous curves f(x) = g(x) on|[a, b]is

(&““M%n}=hmnwﬁmm Tt g

r _‘\‘
jand gon [(I, b} minus lower “\( )

d TR JRT TR AR R Fea ff o 272 0 REF TR xdhz T o
3¢ Example 3-FINDING THE AREA BETWEEN CURVES

Find the area between y = 32 +4 and y =2x — 1 fromx =—1 to x = 2. \!_f = 3x*+ 4

3. do&k A iEd AN A A Bt S (rafes: one unit per another unit) © Bl W A2 B oG fF & T

G TR e E (total accumulation) °

[ Topic 3. & %2 B g f# » & 4 F < B ] Area Between Curves That Cross
I §3 0 RERZAERF > I MNEFFTH RN THREFI LA Mo FIPEFEA I N
2R AT L ET P EE-FRPOGH LT RSB SBERTP DR
20 A (DEFES Bad B 4 TA Slp® 0 R TR RS PT F AR x @
QEATFFEMPFLIASI T ErFRHEP PR RSB A ] TF o
13



< Example 5S-FINDING THE AREA BETWEEN CURVES THAT CROSS

Find the area between the curves y = 12-3x* and y = 4x+5 from x = 0 to x = 3.

[Topic 4. & s #7fd ket B % & 6 ## ] Areas Bounded by Curves y
. FREH IS SRS Rehg ff 0 2R
,%L ’ feﬁ?ﬁ&“%{ﬁ Fob e RS- B RS
Lz 2 Topic 3.2 #1dw it e BhAT LA fe o

foox BedeER & f

2o
F v 128 AR SRS O
 Hd e gl bt R

g

D ot ——

b

< Example 6 — FINDING AN AREA BOUNDED BY CURVES The x-values a and b are
where the curves meet.
Find the area bounded by the curves y = 3x*~12 and y = 12-3x".
Y

A

12 —3x*

area is 64
HL]UE!IE' units
/‘ 2
i

3x2—-12

z_H#ﬁ%%ﬁy=n4fEbyzkkuarlﬁwﬁo%zﬁxgi XUCX><

ME BRI TP E A SETR A G o o R B LA B L
: |
Mo Rl Z et SRR TR S e Ao

Integrate upper
minus lower on
three intervals.

14



Section 5.5 & B SAE gt 1y %,‘3 :F}]z Flab g o518 A e
A F AR TR P AR L end ZRE DR F 14 (consumer’s surplus) ~ /ig K
4 (producers’ surplus) ~ 7 # & fie 13 £ 1 #c (the Gini index of income distribution) % % o H

PR AR E A R MR TR o 4o BT e

‘Ii‘

consumers’ y
surplus )

2 L(x)

=

d(x) 5

1=

q area X 2 = Gini index
k)
producers’ .Y

surplus Population

[Topic 1. " % +# #1411 Consumers’ Surplus

. B TiR2E% 28 pizza> T2 FER 8 $12 R F - B pizzac BRF%E - B pizza
Fiﬁm:%’mm%$%$$4m@§’Wﬁﬁ:: FER Y TR L AR S S

2. desd Taely - BREERFERFIN AT G o0 G pizzas TR # B A g, md Tf
e S RN Ry “}é EE7 g7 ke licfl s "R 3‘ F4~ | (consumer’s surplus) °

3R EHIRT KRR F o ST iR T A 4 ahi bﬂ% B HF iy o

[ Topic 2. Z 3 #c] Demand Functions

1 T, 2 T ) TR EAPM (inversely related): 4r% — B4 S-onff 4% F > BT 05
FEELY g F 2o

2. BB Ay EARE R AT TR 8 TERE 2B B GT
% o7 % - % f& ¥ (demand function or demand curve) d(x) » v 5 F R @i R Fl A%
Sfci £or ) T x E g RESHBIIOEEL F S o

Demand Function

The demand function d(x) for a product gives the price at which exactly
x units will be sold.

i(x) = Price when
d(x) = demand is x

[ Topic 3. i} # % F14& h#c % < % ] Mathematical Definition of Consumers’ Surplus
1. ks (demand curve) A i F A E H MR B 5 p
I% ¥ (market price) # /ﬁ H R R L”m% Jﬁ,‘a ) 'ﬂﬁb E4 ]‘»ﬂi 1 consumers’
M i BRS¢ EE E\ P
demand
'TIJE'#J ° marketf- ———> ‘/Cl“‘\’t‘
2. AR A PEERF SRS E I F AR R AT Y R T HRRE price
L_“
M2 boag AL BT Fhr B FRRAEY AT RED Quantity
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TRAVE ) (total benefit) o B RAIE 4T WK ES EFIG AT 0 2 )T F He

(consumers’ surplus) » 4o 1 T_& o

Consumers’ Surplus

For a demand function d(x) and de- $
mand level A, the market price B is the consumers’
demand function evaluated at x = A, surplus

sothat B = d(A). The consumers’ sur-

Price

plus is the area betweep the demand 5 et price | N )
curve and the market price. B = d(A) :
Consumers’ 2 4
( - [d(x) — B] dx Quantity
surplus 0 ’
Demand Market

function price

< Example 1 — FINDING CONSUMERS’SURPLUS FOR ELECTRICITY

If the demand function for electricity is d(x) = 1100—10x dollars
(where x is in millions of kilowatt-hours, 0 < x < 100), find the 1100« d(x) = 1100 — 10x

consumers’ surplus at the demand level x =80. [Ans: 32,000] 8 700

! I | J -1
2'[] —I-O 60 8(} ]l][]
Electricity consumption

[Topic4. i} % Jﬁ" Fler4o o4 i€ * ] How Consumers’ Surplus Is Used

Loabldgl? > & 80 FEFILIMOTA FTRT 7 F 145 832,000 4% T 4 1% *
43 90 FHF L LB BT SR g R d(90)=1100-10 - 90 =$200 o 5 ¥ 113 B

[ERENE G A S b ﬂﬂf# $40,500 - 'ﬂ“ B Fed $300 ' 3] $200 iii%‘\»‘}}i’%"f'*ﬁ € i
‘t & $40,500 — $32,000 = $8500 < i& B I F 7 EF e - ERTOE TP F kot &
AL LT ER -

[ Topic 5. # é_—*z #14~ ] Producers’ Surplus

Lodele i f F fIRG 20§ F i flE HHARET KR 2 A AR F R
e P e keI E o

2. w3 xF“étw pizza b+ o Bde— B pizza 2 A F 5 0 & MiF 4 RiF T pizza G H)
BT IE $5 FEL - B pizza VU E $8 F “47??'*‘”’@’}'] $3 o K7y TR eE
?'Jﬁ.f‘:,ﬁ{,il&?i? BraEE sl 4 3% «J’f']fﬁ?J (producers’ surplus) -
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1.

[ Topic 6. & & 3 %) Supply Functions

PoBBFEAPOFRIGE 2 AFHL SR ﬁ)mﬁii‘_

X
FUER S o R e i wm\ T (Y
st e X supply
) s(x) > HeT AT ‘E curve
A~ s(x)
Supply Function x
The supply function s(x) for a product gives the price at which exactly Quantity
x units will be supplied.
Haj= (Price wl.1en)
supply is x
[Toplc 4 A —?5 Fl 4 ¥ © % ] Mathematical Definition of Producers’ Surplus
L FEEHFAT REETIE R E S FRRARTSR S TR S B S s ¢
Producers’ Surplus

For a supply function s(x) and demand Price

level A, the market priceis B = s(A). s(x)

The producers’ surplus is the area market orodiuosd

between the market price and the sup- B o(4)| surplus

ply curve. L

A
Quantity

o A
(Producer;-. ) - f [B — s(x)] dx
0

surplus

1

Market Supply

price

function

& Example 2 — FINDING CONSUMERS’SURPLUS
For the supply function s(x) = 0.09x* dollars and the demand level x = 200,

find the producers’ surplus.

17
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Price

$  producers’
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[ Topic 8. i} %

" #1402 2 A ¥ #14] Consumers’ Surplus and Producers’ Surplus

1. Ffd RE Ly Ren Beny B4 5 ® 5 F & (market

demand) ’ consumers’
ke O o o N . surplus
7# aﬁ, —%‘ hljéﬁ'té i é—;ﬁ ﬂéﬁ? _'J%K;&:Fl‘ 7T ,l“—*—P":' - 3% ]?IZ’EJ‘U! ’ 'Q‘f'"é' ]?I § producers’
s — . 5 P 40 - . e P . ~ &= surplus
GO e e BECEARS R AT R HELAFORAE o d(x)
T —Fi]‘ ho B ors B¢ —-Vrg gﬂ} price, B gt
|
market
demand, A
Quantity

[ Topic 9. #1

2

~

1. &= ®

—‘g?;‘%" M~ Bb | 20% 4 T e » 0 kA4

100%

At

{4 i e & 45 #c] Gini Index of Income Distribution

g:‘ ,,—1_1% Ai}{gg% ﬂpb,ﬁ

T A G e

L§TE f w2 B L e (gap) 0 SAE
Gl 12 % 40% ~ 60% ~ 80% ~

T o~ gt

Yt Ede o £ F A 2006 & e iF ﬁ?j 4o T L BT BT o
Proportion of Proportion of g 10+
Population Income o o
0.20 0.03 2 0.8 ['-Ol:‘l-‘f
0.40 0.12 ‘;T 06+ N
0.60 0.27 £ 04+
0.80 0.49 2 oa-
1.00 1.00 £ 02

 E— o X
0.2 04 06 08 1.0

Population proportion

Source: U.S. Census Bureau

BHIP > A v P o r b 20% FREERA T T A 3% A v P T r Eb 40% FORBER A
AT T i 12% 0 YRR o SRR X FEG R if W d R (Lorenz curve) ©

Lorenz Curve

The Lorenz curve L(x) gives the proportion of total income earned by
the lowest proportion x of the population.

[ Topic 10. £ 2 ip #c] Gini Index

Bigad ¥ a7 A

(A). *v#
- B A mv]

A bR A

-&-3— q,\ﬁlﬁ A

X ‘li\'—" d %] blTﬁ
S 18 A (T % ¥ 15 (Absolute mequallly of income) & 4p ﬁ?

- @A
4ot Bl YT

B s e~ A B 4R L ; 1
& 1 5% $+-T 39 (Absolute equality of income) ¥ ip# ‘g; ‘” .
rERR AP o Tt dTr B M 10% 4 T TRk 5 _5“: curve
o i 10% 5 e r B 20% A T TR | y=x
Tz e 20% 0 Pt EEdE o FI P R iR R G y= a ——t—t x
25 50 .75 1.0

° Population proportion

Absolute inequality of income

¥
2 ,

o RFEUVER- BARIE M EHREREY AR
o £ 1.0+
& 751
a.
2 50+ Lorenz
=] curve
g 25+ N
S — x
25 50 .75 1.0
18 Population proportion



2. RGFR TREmA G, & T ESTEA G (89T 5 absolute equality) i EE A
A2 EATRI A G A o RO Y ME LG T 5 (absolute equality) > Rl % F%

Aok F Y RE S G 7 $5(absolute inequality) > Bl fEF B B 1/20 FlM G
f# 20 fLi F Ldpdc (Giniindex) - F Riplcft R A2t 0~ 1 27 > 4y
BeAx | Lo r A mART S #F&‘L“ LA r A AR T o

Gini

For a Lorenz curve L(x), index

the Gini index is

Gini 1 ‘ ; )
(index) = ZJ:] [x — L(x)] dx '|

Population
proportion

area X 2 =

Income
proportion

The Gini index varies from 0 (absolute equality) to 1 (absolute
inequality).

< Example 3 — FINDING THE GINI INDEX

2006 was approximately L(x) = x>"*. Find the Gini index. 14

The Lorenz curve for income distribution in the United States in v
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Section 5.6 & 4% 4 (Integration by Substitution)

[ Topic 1. #z4 ] Differentials

Lofl) e ascr 7 5 dffdee BRAESEE S S A RN LR EL A LS BaE vk
F oo MBA A B XK df B dx (A MR [ S B x SRR ) B df < dx 2B AR
% 3% dfldx »

2 b A a8 AT %: £ = df = f'(x)dx

Differential

For a differentiable function f(x), the differential df is

d_'f=_f.'(.\‘)th‘ if is the derivative times dx

< Example 1 — FINDING DIFFERENTIALS

Function f(x) Differential df

fx)=x> df= _ 2xdx

fx)=Inx df =

fl)= e df =
fx)=x"-5x+2 df=

[ Topic 2. # 3% = ;2 ] Substitution Method
I @% fles &7 > APP AR BTG F hff o 2540

1
A u"du = Wt + C
()J’fu :r+l"

(B) j"” du=e"+C
J'if!f Jllf”:fu |'m=|n|ra|+c
il

Gz A DR S FARR  dyl s H s EPFEA > 2K F A @ $9 du
N R - Sdkpcs o B AT '/*%35“?1:«@(7%5\ BRI Hes > MNETEE I R o

< Example 3 — INTEGRATING BY SUBSTITUTION

Find j (x> +1)°2x dx [Hint: 2x 5 (1) ehpes cn T B | ]
<sol>: let u = (x*+1), du = LR RERRT RS NTE

Iu3du:
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[ Topic 3. &% 4 ep ¢k 3k + ¥ ] Multiplying Inside and Outside by Constants
Lo d i A a8 93 L udu > AP T EER A Bk R dobIAT A S
B RELN R AR - B L E T B R G oL N H T RS 2N
sk Example 4 — INSERTING CONSTANTS BEFORE SUBSTITUTING
Fm1Mﬁ+Wxﬁ [Hint: gk S84 0 % 2, 41 £31/2) ]
<sol>: let u= (x*+1), du=2xdx & xdx =(1/2)du. #+ it &% S v R TR

Iu3 ~%du:%~j wdu =

[ Topic 4. ¢ * i 48 = ;X ] Which Formula to Use
L A28 (FARR -~ dpde s Hi80) fi A 258" 7 FRFOHA -

(A)jumn=1 W C o (n#-1) (B)jadu=a+c
n+l

du 4
C —=|u du=lnp|+C
© [~ fu du=
sk Example 7 — INTEGRATING BY SUBSTITUTION

Find .[ Vx' =3x(x* =1 dx

[ Topic 5. 32 &2 4 4 ] Evaluating Definite Integrals by Substitution

. 7RG fHAY 78 A4 g™ > icd xS u THADI TR £d x
HiE R E u hiE o

s Example 9 — EVALUATING A DEFINITE INTEGRAL BY SUBSTITUTION

Evaluate .[45 dx

3-x
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