Section 2.1 Limits and Continuity % *2%7 i@ 4

[ Topic 1. 4&*3(Limit)]

#

. 27 x—>c(4% 1 xiBiT ) ﬁ#ﬁ x BEERFITc > REA X

=
o

2. - Bal f(x) BT Exmife (P EN) B f(v) BEAENLBELLE 0 P
L L odk f hoc BeEU(E) 0 W B A limf(x)=L o #% 747 & (Cauchy) 3% #11&*2

T E AR UTe -0 LA (e—0 definition of a limit © i 2 1 F ) o
3. x—cExaiTciFaB3Ie i ()F x<c Bl limf(x)=L » s =& (D)F x>c>

Al lirqf(x):L* -

Rules of Limits

For any constants @ and ¢, and any positive integer 1:

1. lima=a The limit of a constant is just the constant
X—»C

2. imx" = ¢” The limit of a power is the power of the limit
X—C
i M= "= - v o= : - :

3. limyx = ¢ (¢ = 0if nis even) I'he limit of a root is the root of the limit
X—

4. If lim f(x) and lim g(x) both exist, then

a. lim [f(x) + g(x)] = lim f(x) + lim g(x) I'he limit of a sum is the sum of the limits
=t o X—C
3 YL A . T T'he limit of a difference is the difference
b: {131[ [f(\) g(\)] El_l"l‘ll f(‘('} l\ll?} 8’(\‘) of the limits
c. lim [f(x) - g(x)] = [lim f(x)] - [lim g(x)] i||'l;i Iir}?i: l.;f. a product is the product
= Y= Y= ¢ of the limits
lim f(x
d imf(ff) _ xoc f{ ) (if hm (x) # 0) The limit of a quotient is the quotient
& i—cg(x)  lim g(x) _\—.L-g' of the limits
X—=C

Summary of Rules of Limits

For functions composed of additions, subtractions, multiplications,
divisions, powers, and roots, limits may be evaluated by direct substi-
tution, provided that the resulting expression is defined.

lim _f(l’] :_f(t'} Limit evaluated by direct substitution
X »
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xX— - NE& x Friaat e o

s limf(x)=c0 & E x EBEET B f(x) T LR FAH A limf(x)=—0 K& F

BT e P f(x) VOUE B ]
. % x #_c mT'%‘\*"%@x"Tchr ok f(x) ABiTE G

(M f &3 x)[TrH FE
e ] o A ufvi“f?-e Mox=c A_f SEBA - iELE BT M o

B BB R TR U R T BT A

s lim f(x)=L & limf(x)=L %% x bmHAnElEs Lo

X—>—00

= 4% lim f(x)=L & limf(x)=L APHEER y=L 5 f BarkT pres

Limits Involving Infinity

. =) means that the values of f(x) grow arbitrarily large as
llm f(«r) = o0 4 ! & Y B
s c* x approaches ¢ from the right
: A means that the values of f(x) grow arbitrarily large as
lim f(x) = = & el
v approaches ¢ from the left

lim f(x) = means that both of the above statements are true
X=—C

Similar statements hold if = is replaced by —= and the words “arbi-
trarily large” by “arbitrarily small.”

hr_n f(x) =1L means that the values of f(x) become arbitrarily close
X to the number L as x becomes arbitrarily large
lieti f(;l.') s means that the values of f(x) become arbitrarily close

to the number L as x becomes arbitrarily small

. 3x+2
[ 5/4% 1] Stretch the graph of function f(x)= x_2
x_
<Sol>
Yy

: - This part shows
! lim f(x) = o
| 5
|
|
|
| > X
7

- : This part shows
I lim f(x) = —
A

Graph of f(x) = L-if



x—1

[ #g42 ) Stretch the graph of function f(x)= -
x+

[ 5132 2] Find lm(x” +xh +5?)

<Sol> & R H FAR'IPF > hB T OPF, x 2 XL -

[ Topic 2. i 41+ (Continuity)]

L EgaEs: - B 3'&" c BL b i@ 4 ¢ (continuous) > F U e Hc B A5 1
FE G ZF (hole) q»\kgfri;ij Gump) © 4o F 457 0 F  E 2 B R A
g Hv A —fﬂz * K

y y G

f(c) & f(f) /_‘h

X no “hole ) . — "jump
f(c) £ 0 o "hole o .

' or “jump” R o e S IR

at x

atx =«
| he } X }
c C C
Continuous at ¢ Discontinuous at ¢ Discontinuous at ¢

o2 - Badkh c BrERYS THENAZ A FalicE A

. 7 Height of the curve approaches
lim f(x) = f(c & : Pk
I f1) =f0) e Reight of the point

ek T A= BIEE RS ,glj,ﬁg_;;,g;;f A oc BL b i
(1. flo) 7 &

(). limf(x) & & hox=c BRRF, SlE G ALK,
X—>C
BB G A Y SlkE = BLE

(3). lim £(x) = £(©)

A function f is continuous at ¢ if the following three conditions hold:

1. f(c) is defined Function is defined at ¢

2. lim f(x) exists Left and right limits exist and agree
X=C

3. llm f(x) = f(c) Limit and value at ¢ agree

fis dr:,un-ifmuous at ¢ if one or more of these conditions fails to hold.
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| - X I - X } =X
c c ¢
fl(c) is not defined lim f(x) does not exist lim f(x) # f(c)
(the pointat x = ¢ is missing) e e
(the left and right (the limit exists and f(c) is

limits do not agree) defined, but they are not equal)

4. BHE - W&W~ﬁﬁ& g 1
(A). 4ok [ &R HRE (a,0) ¥ nF - BEEEE A S L (00) LR
®)%*fﬁﬂ&@(%m6“”—@%ﬁiﬁ"fﬁ@w%ﬁaﬁéﬁﬁ’mﬁfa
[a,b] + i = A Brhobis LH Fd f hif i geT

lim fix) = fla) and lim f(x) = f(b).

x—q x—=b

(C). 4% f &5 - B3 HBIAA R S B (0,00) A -

5. i e

If functions f and g are continuous at ¢, then the following are also
continuous at ¢:

by e

f&ghcmadd p
7Sy fete ¢ Zhi A
S et R E

A S 2

@ 5 g

A

Sums anc I lifferences of
Hinuous functions
continuous

stant multiples of
tinuous functions are
itinuous

250 [for any constant a]

Products of continuous
3. f-o

whR LD =

functions are continuous
2 - Quotients of continuous u¥y
4. f/g [”g(f) # UJ functions are continuous v ﬁg:
5. f(g(x)) [for fcontinuous at ¢(c)] f__:l':I”rll m" I”‘ ‘““ I“l oS

1.5 75 ;8 S e s 4 -
2.F madk 1 AR =0
Every polynomial function is continuous.

; S : : erghre ob > How kil 4 o
Every rational function is continuous except where the denominator ! N
is zero.




Section 2.2 Rates of change, slopes (4! &), and derivatives (3 & )

[ Topic 1. T35 gz ¥ :2 % 5 ] Average and Instantaneous Rate of Change
. seRF ity 8- WBAPHN T - B o b4 BRERFFIFE AR EHE T
AR FE ER L 1% MR TR R EE

2. BREBHE S ERAREET x R RSk f)=xX Re(A). RTIEEE TN 05

Bec®d l~(1+h)pE o h i - Bifice (B). fx=1amFEAx%S o [Hint: § hid
T 0 pEs T Fi%‘—?i&g = 5 BRR R R ¥ 5 (instantaneous rate of change)]

<sol>
Averagerate Lol o 1 a2
(A). of change :(+ ;z_ = ; =h+2
fromltol+ 4
Instaneous Lo P2
(B). | rate of change |= klrrol% = %linol(h +2)=2.
at time 1

3. SR EE R N

Average and Instantaneous Rate of Change

The average rate of change of a function f between x and x + h is

flx+ h) — f(x) Difference quotient gives
the average rate of change
h S ¢

The instantaneous rate of change of a function f at the number x is

lim f(r + h) ‘f(-\') Taking the limit makes
h it instantaneous

h—0

[ Topic 2. Zj% 27 4] Secant and Tangent Lines [ sin i 5% ~ tan it *» ~sec i 2]

1. - #£d ML) S (secantline) 2 @ iFd R Ap R A B 5 o

7

2. F S BAp R BLOREREARITIY 0 PF o B[S E ¥ - %7 4 (tangent line) o F] 7 AL T
WA B RET G - BB AT EY R AR g R (steepness) ©



Tangent line to the curve at P

Secant line to the curve through P and Q

- .'"
Tangent and secant lines to a curve

3. A% aE: Ay/A\x:A\x s runc Ay 5 rise o HRAAF LT BT o PO B B
MG R f A Bg ¥ PO B x BRA ‘?v'J.;x'—fi’erh? y AR G fix)

B fix+h) PlEMAF = St =) #i A (difference quotient) °

h

f(x + h) — f(x)
h

-— Secant line with slope

=
+

I

I

flx + h) — f(x) —rise

-—Tun

R
=
]
+
=

4, BRI S APT U ERLRAF T ZE DT IR FEApR S BR h—
0> i B LF B2 U 21T PRFEE S RBITTR S P Er RGOS S

f(x+h) f(x)

o MM F T EBITR R (x B ) RE TR -

h—>0
! 1 . : flx + h) — f(x
7 -— Tangent line with slope lim Jx+h—Jjx)
h— 0 h
-— Secant lines a -
[ approach the ~—$ ope is _
| tangent line " flx4=h) = f(x)
! ! ash—0 .
f&) T+ ! ! |:> 0 h
[
l : -— graph of f
I ]
I ' f X
x x+h x+h
with I i
snialler h 2

5. rRAFSHTE

Slope of the Tangent Line

The slope of the tangent line to the graph of f at x is
x + h) —
lim flat hY={lx)

h—0 h




[ 5]4% 2] Find the slope of the tangent line to f{x) = l/x atx=2. [Ans: -1/4]
<sol> :

Tangent line has
;

1
slope — F atx =

[ Topic 3. ¥ 3 #] Derivative

1. ES#ihE & -

For a function f, the derivative of f at x is defined as

an <o X+ h)— f(x)
f'(x) = lim p

—

Limit of the difference quotient

(provided that the limit exists). The derivative f'(x) gives the instanta-
neous rate of change of f at x and also the slope of the graph of f at x.

In general, the units of the derivative are function units per x unit.

2. Find the derivative of f{x) = 2x*-9x + 39. Ans:4x-9.
<sol> :

(1), Radk fix) H¥ S0 fc (derivative) chilARAL 5 #c4  (differentiation) o
(2). - BSdfiche® B x PE BT A0 PIFEE S x ¥ Mic (differentiable) o



[ Topic 4.5 # R % eijic /> 4 51 ;2 ] Leibniz’s Notation for the Derivative

l. Bcfpar i Bd 23 B FHRGET bR RETHEFP o 2 fies &7 0% 00 St B ehgkhikc
N E e B (T f(x) ~ f(x) s (X))o f8 KA R AR * ah “prime” & % (T
F1) ~ FUx) s (). ) B e FE R A dom ik B b Sl flv) 2% 4o % !

dy

A %f(x) BT A LA AT E R BA T LG R RA S F L o

dx

Prime Notation Leibniz's Notation
d o P : .
f'(x) = — f(x) Prime and —Z= both mean the
dx derivative
Y’ = @ For y a function of x
dx

2. FHE R AT M PRI

D _ i L)) D _im A s “Delta” L FHz A D
dx A0 Ax dx A0 Ax

. , . A . . i
3. F AP R (m=£rr})Ey) TERY A S d (& TR - BEEAE) 0 Bl ARA T

G m:dy

o B L HA AT URAAP TESH | IR ToRas ko



Section 2.3 Some differentiation (# 4 ) formulas (= %)

AR EY o ek 3P (rules of differentiation) » G & # 3% FE? v &35 E S BiE AR o
SR AR R R Fadn T B T HF EERPE A 3 0 B S8 R
HETFLER o FLMARA G HEEL TR

PRAPEFEYINY - BEL AR B* (3 EE%k (¢ 7 % (revenue)
2 A (cost) ~ & FET] F (profit)) > T B REALR Y AR EE GRS o

[ Topic 1.] Derivative of a Constant 7§ Hce 3 30 Hc(2L 7))

Constant Rule Brief Example

For any constant c,

d d
M Bk,
de g dx

Let f(x) = ¢, we have ic=1i SOt A9 = f(x) —lim<—¢-o.
dx a0 Ax A0 Ax

[FAit A2 802 5 0]
2. Bie MR F s Bl Sl

PHERRES P AP T g S  det BT - B

y
¥ oS e fr) = c PR ;- kTR y=ce R kT fx) = c
gl k() B f'(x) =0. derivative

(slope) is zero

[ Topic 2.] Power Rule 45 #c7
1. a‘%ﬁc%ﬁﬂ‘]{?b'”ﬁ FaN ixdpn AR EE n kLt x nl K3 e

Power Rule

For any constant exponent 1,

To differentiate x", bring down
— " =g "] the exponent as a multiplier and
dx then decrease the exponent by 1

p.s.exponent (4p st Fo=v ) £ R H F o

D A F%j\%%] »ﬁ_—;ﬁfgﬁ'gﬁm?ﬁfr “)



(x + Ax)” = x> + 2xAx + (Ax)’
(x + Ax)’ = x> +3x°Ax + 3x(Ax)* + (Ax)’

(x+Ax)" = Clx" + C/'x"'Ax + C}x"*(Ax)* + ...+ C!_x(Ax)"™" + C/ (Ax)"

n(n

=x"+nx""'Ax + —_l)x'“2 (Ax)” + ...+ nx(Ax)""" + (Ax)"

Sx+A) - f(x) _ (x+A0)" —x"
Ax - Ax
_ O A+ CIx" (A 4+ G x(A)" T + G (Ax)
Ax

AX'|:nxn_l n(n 1) n -2
2

(Ax) + ...+ nx(Ax)" " + (Ax)"” 1}

Ax
=nmx" 4 ”(”2 D 2 (Ax) 4 ot mx(Ax)™2 + (A

Let fix) =x", we have
S+ Ax) - f(x)
Ax

—x" = lim
dx Ax—0

:nm[nx +”(”2 D 2 (Ax) + o4 mx(Ax) + (Ax)" 1}

Ax—0|

n—1

= nx
[+ 347 F2 AxensaR3 7 > why ?]

[G42 1] @ * powerrule f&27T 7] & 4% :

a. ix7 =9 b. ixloo =9 c. ix‘2 =9 d. i x=7 e. ix: ?
dx dx dx dx dx
R S L =S T T R RS S RICE L F o R R

p.s. dpdcefl i
(1) &ﬁx#ﬁ%%ﬁ*?:}%ﬁdfﬁ%c : a3-a2=(a-a-a)-(a-a):a5; x"ex"=x""

3
—
I
=
3
=

@ 4ttt Ay £ ¢ () =(a-a) (@-a)-(a-a)=a"; (v
(3) 22 F R¥inF x> %2011 a’=1; a#0

4 =2 50Kk a"a"=a"=a"=1 & a"=

10



(5) ~ #c=x > 5 B A5 (a”"y':a & a"=4%a

d > RS ” l . = v P
2. EXZI EFHANBRPLR c(BERT By 2 F L) wT R0 y=x F- B

LERPAT R L 1 e FIH 0 f()=1 (L@ kTRARE L 55 ?)

[ Topic 3.] (% %) &R Constant Multiple Rule

Constant Multiple Rule

For any constant c,

The derivative of a constant times

d T .
— [c f(x)] = -f’(x) a function is the constant times the
dx derivative of the function

c- fx+Ax)—c- f(x)
Ax

e )= fim

_ hmc_{f(xwx)—f(x)}
Ax—0 Ax
. Hm{f(xwx)—f(x)}
Ax—0 Ax
e f')

[ )42 2] ¢ * Constant Multiple Rule f27™ 7| % 4% :

a Lsw—o b Dacico o (A0 g Dafioo e A3l
dx dx dx\ x dx dx 2

[Topic4.] #4ci2#F] Sum Rule
1. & B7 Acsfcende (R L) (AT M feh s & B0 ul s e (R 4) o

% [f(x) + g(x)] = f'(x) + g'(x) L1 (® + x%) = 322 + 5x*

dx
T

11



Sum-Difference Rule

Use both upper signs

d
E [f(l) = g(l)] - f'(x) = g'(x) or both lower Hi,‘J.I;:;

%[f(x)+ g(x0)]= Aliir% [f(x+Ax)+ g(x +Aix)]— [£(x)+g(x)]

:hmyvﬁAm—ﬂn+gu+mrguq

Ax—0 Ax Ax

] L2010, [ 8050

A0 Ax Ax—>0 Ax
=/'(x)+g'(x)

2. e L BT it R BGOSR Sl e bl
FF() = f(0)+g(x)—h(x) » BIF'(x)= f'(x)+ g'(x) - ' (x) *

[ 5452 5] # * Sum-Difference Rule f#T 7| 2 47 :
d ’ i d 1/3
- leex)=? b. —6x ' +4
. dx(x x) dx ( X )

[ Topic 5.] Leibniz’s Notation and Evaluation of Derivatives

. K RGMARAE AR S (B 38 x A 0 1R EEHAME Bk
(independent variable) % x o 4o¥% & fieA cfp F#cd Ex 0 F U R-dldy P e x S [0
BETT o Hdr

Function  Derivative

d d . . 5 ;
A1) E (1) Use 7 for the derivative with respect to ¢
o 3 ah T :
w = Use for the derivative with respect to w
dw dw

12



2. T?ljrﬁ;f;éj_%ﬁzz‘”fi%%ﬁ Fox=2 ¥ S

; Derivative
Derivativ v
- eriva e
v df
i —
}( (2) dx|x=2 Bar | means
I - “evaluated at”

(

‘— Evaluated at x

)

Evaluated at x

[5132 6) If f(x)=2x"-5x"+7,find f'(x).

Marginal cost (profit, utility) : #% % * (fcF ~ 2c*)
[Topic6.)] # St £ 25 ATt @ FH & (Marginals)

%&yﬁﬁ:*ﬁ V- oo NP fL SRR VHE FHERFUEL  c BXRF - B
7 ez~ (revenue) ~ f-F (cost) ~ & B (profit) &nficheT™

Revenue function

R(x) = Total revenue (income)
7\ from selling x units

C(x) = TO’(EI% cost of . Cost function
producing x units

Profit function

P(x) = (Total profit from producing)

and selling x units
1. &~ 42 > % -7 (marginal cost) #& T & = cost function 3 I #ic

MC(x) = C'(x) Marginal cost is the derivative of cost

P65 0 % fc» (marginal revenue) S # MR(x) % % {1 (marginal profit) & #c
MP(x) » # %_#% % revenue function ¥? profit functions =¥ 3 #c o

MR(x) = R'(x) Marginal revenue is the derivative of revenue
MP(x) = P'(x) Marginal profit is the derivative of profit
2. bifenw fH R L E (marginals) dp mﬁ* H S fic (derivative) o 4e b 2 % e0d B

NPT REIFEDE AT (slopes) ~ Br % 5 (instantaneous rates of change) ~ 1
% B2 (marginals) e

13



[ 5]4% 8] The Pocket EZCie is a miniature key chain flashlight based on LED (light-emitting diode)
technology. The cost function (the total cost of producing x Pocket EZCies) is

C(x) = 84/x° +300

dollars, where x is the number of Pocket EZCies produced.
a. Find the marginal cost function MC(x).
b. Find the marginal cost when 81 Pocket EZCies have been produced and interpret your answer.
<sol>: a. MC(x)=C'(x)
b. MC@81)=2

300 C(x) = 84x° + 300

| -X
81

Interpretation: When 81 Pocket EZCies have been produced, the marginal cost is $2, meaning that
to produce one more Pocket EZCie costs about $2.
Source: EZCie Manufacturing (§ 7 * 18l b &, B & 4- THF » 3§ B KB fEFR)

14



Section 2.4 The Production (3k ;) and Quotient (% Z)Rules (& B R IL)
[ Topic 1] Product Rule :
¥ @Ak Sl s 0 N AeT

Product Rule

The derivative of a product
is the derivative of the first times

d
E [f('r) 2 g(x)] = -f'{x) i g(:‘:) + f{"() i g’(l‘) the second ["hh the first times

the derivative of the second.

PR ) THBS L0 RS S A RIEE e

d
— . —— " ‘g + b £ 2 g’ FAT
d.rU gh= oo TV Y
/ / [ \ o
Derivative Second First Derivative o iy 2t s
of the first of the second P A /ﬁl'{tfé /ﬁ!{(

3 EABTL RPN o ;72’——?] P. 133, section 2.4, Verification of the Differentiation Formulas.

[ &% 1] Find the following derivatives.

a. di[xs(xz_x)] ( sec. 2.4 practice problem 1) b, di[6i/;(2x+l)] (sec. 2.4 #10)
X X

c. %[(% 2z +4z )| (sec. 2.4 #24)

15



[ Topic 2.] Quotient Rule :
CERFIL LT FCEE R O e

Quotient Rule

The bottom times the
derivative of the top,

: (f(r)) - g(r) 'f((X) — gr{l') f(I) o minus the derivative of

dx [g()]? ‘-‘L the bottom times the top

s/

[he bottom squared

$CPE)E 4 T AeR LoDHi-HiDLooverLoLo. Lo # 4 4 * Hi 443

o2 . d 1! 'z . d ' 'z
fkmnE REE g L(fg)=r W L L)L .
dx dx\g) g
[ 3% 2] Find the derivative of each function.
— 3_
a f()=""L (sec.2.4434) b. f(s)=" (sec. 2.4 #40)
x+1 s+1
28 +t-5 28—t -6
C. )=—— . 2.4 #46 d. =
=2 (e ) ==

16



[ Topic 3.] Marginal Average Cost (£ #2:8% % )

1. TItis often useful to calculate not just the fotal cost of producing x units of some product, but also
the average cost per unit, denoted 4AC(x), which is found by dividing the total cost C(x) by the

number of units x.

AC(\) = @ “.‘.I'I.j;.'\l cost per unit :wri-!:iﬁi cost

2. The derivative of the average cost function is called the marginal average cost, MAC.

f C A aroi T VT e et ic tho

3. Marginal average revenue, MAR, and marginal average profit, MAP, are defined similarly as

the derivatives of average revenue per unit, R(x)/x and average profit per unit, P(x)/x.

B - Mareginal average revenue is the
MARG) = - [mJ R(x)
E'I'll_ ] derivative of ay erage revenue
. Marginal average protit is the
o(z) = L | E®) Caii e
MAP(x) d.\'\‘ x derivative of average profit —

[ # ] 8.] Finding and interpreting marginal average cost.

POD, or printing on demand, is a recent development in publishing that makes it feasible to print
small quantities of books (even a single copy), thereby eliminating overstock and storage costs. For
example, POD-publishing a typical 200-page book would cost $18 per copy, with fixed costs of
$1500. Therefore, the cost function is
C(x) = 18x + 1500 otal cost of producing x books

a. Find the average cost function.

b. Find the marginal average cost function.

c. Find the marginal average cost at x = 100 and interpret your answer. (Source: e-booktime.com)

17



Section 2.5 Higher-Order Derivatives (% F# % 3 %)

[# 5] 1] %58 5% (polynomial) % Fy %
From f{x) = x* - 6x* + 2x — 7 we may calculate

fi(x) =3x2—12x + 2  “First” derivative of f

Differentiating (##% %) again gives
f'(x) = 6x — 12

and a third time:

Second derivative of f,

read “f double Pl'iIH{'.r

['hird derivative of f,

f”(.l') =6 read “f triple prime”

and a fourth time:

@) =0

All further derivatives of this function will,

of course, be zero.

Fourth derivative of f,

read “f quadruple prime”

[y 1] Iffix)=x"-x*+x-1, find
a. f'(x) b. f"(x) c. f"(x) d. fPx)

[ # & 2] Find the first five derivatives of f{x) = 1/x. (4 i fx) @ I 1§ S0 dk)

[ Topic 1.] Prime Notation and Leibniz’s notation (% # & # % 57 ;%) for higher-order derivatives.

ddf _d'f

1. = ks = .
dx dx  dx*

2. TAEARE TR R RDETIE -

Prime Notation

f'(x)

_f“”(_\')

y[ln

e f) |
dx*- ¢

:f.‘t‘:

d?
dx

dx?

f.U

dx"

'y
ff.“ n

18
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= () ‘

Leibniz's Notation

» oecond dernvative

» Third derivative




d* [ x*+1
X

[ # ]3] Find e J Moral: Always simplify before differentiating.
X

[ Topic 5.] Velocity (i# & ) and Acceleration (4 i &)

1. & & (speed or velocity) &n#ic v(f) & JEHEIHic s(f) HE S T w()=5'(0)
beig B (acceleration ) #ic a(f) % i B Sndic () s Sdic T a@)=v () =s"(t) °

Distance, Velocity, and Acceleration
s{i— (D1stc—mce)

at time ¢
o(t) = s'(t) Velocity is the derivative of distance

Acceleration is the derivative of velocity,
and the second derivative of distance

a(t) = v'(t) = s"(t)

2. @Rk H e e B E o TR Ry, =

average = At

B R VARG R Ar BT

0, 7@ v lim YA =sO) _ds
At—0 At dt

3. @ RRApR AR ey o Fp v @ RO ok RETR R -

[Topic6.] # v = ¢ ¥ S deenfz @

SR EeRcs T R R B H vl Ao - KA T SR EaERLREF BR S0
LT o e Ak - RS EAA(AC)F RS S P R ESEE AL D)L FadeiE &
e
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[ # ] 5] Finding and interpreting velocity and acceleration.

A delivery truck is driving along a straight road, and after ¢ hours its distance (in miles) east of
its starting point is s(¢t) =24¢" — 4t for 0<t<6

| s(t) |
= [
Start

=] 0 1

i o
1

a. Find the velocity of the truck after 2 hours. b. Find the velocity of the truck after 5 hours.
c. Find the acceleration of the truck after 1 hour.

[ # ] 6] Predicting population growth

United Nations demographers (4 © v+ & %) predict that 7 years from the year 2000 the

population of the world will be: P(f) = 6250 + 160¢*’* million people. Find P'(16) and P"(16)
and interpret these numbers. (3t &3 1L s @ 5 = F)
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Section 2.6 The chain rule (i& 4 *LRY) and the generalized power rule (- & i 4 #RP)

AERJH AT BN - B - s R L @42 (chainrule) o A EEE T & S5
% (composite functions) pics @ ko ff 18 ¢ e - KT g BORAY] o

[ Topic 1] Composite Functions
&Sl fLi ol ! flg(x)) 0 #ogx) ARG - BREE S fix) 29 o

% |42 1. Finding a composite function
For f(x) = x> and g(x) =4 - x, find f{g(x)) and g(f(x)).

[ Topic 2] The Chain Rule (i 4} L P])

SN g s > T R R B A 0 RV AR R T i R
GRPIKRF LN S B As o

Chain Rule

To differentiate f(g(x)), differ-
entiate f(x), then replace each

a :
d'l. g(x f (‘3 g (1) vy L‘_\-‘ 2(x), and i'ina“_\' multi-
b 1 ply by the derivative of g(x)
% |47 3. Differentiating using the chain rule.

Find %(x2 —sx+1)’.

[ Topic 3] Generalized Power Rule (- 4 i* 35 #cRY)
41 * chain rule, assuming f{x) = x" and f{g(x)) = [g(x)]". then di[ g =n[g(0)]" " g'(x).
x

Generalized Power Rule

o differentiate a function
to a power, bring down the

d Itiplier, reduce
sl " =n- 011 o' (x power as a mu llp 1er, reduce
dx [g()] (0] 8’ the exponent by 1, and then

” 1 multiply by the dul\ ative of

the inside function
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sk |42 4. Differentiating using the generalized power rule.

Find di\/x4 -3x’—4.

X

[ Topic 4] Chain Rule in Leibniz’s Notation

Bl y = fig) 0y =) fru-g) s F s R RSEA L s W) o

Bog) = A (gl = f(g()-g'x) ¥ o
X dx

dy _dy du
dx du dx

Chain Rule in Leibniz's Notation
For y = f(u) with u = g(x),

dy _dy du
dx du dx

FUE AR RAIT O RCE ke B B1E U F AL KGR du R AT A g e
F o AR RGAT I (9A) -
dy _dy du

dx du dx

Rihdow > Walcd LF A R R S I ke R AR -

[ Topic 5] A Simple Example of the Chain Rule
AR RSB A B AT A E et - B KRBT .

B ineh @4 A48 > WREEE 7 - &t r > T dollars peryear. 77 1B E &

W 4% 48 e~ (dollars per ton) > ¥ 3k b 2 P EF & #ij 11 P (tons per year) © ##5LA 7 40T

: b jen

— Note that “ton” cancels
year ton year

Lol M R B AR S S Bl RS g AR
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Section 2.7 Nondifferentiable (# # #i&) Functions

* ¥ e ficdp M R E SR ARFEFTEF VAR EIET FR) AT ELARE- B
% ¥t 3 (absolute value function) f(x) =|x| fx=0FF > Z 33 7 fick o 2 8380 € 3
TS B PR e i TS R T e i Sl R T A ((PEE) B E & ih & H
B R 8 W BBy Rt o

&

[ Topic 1] Absolute Value Function g
Apirp GHE I BT KR A0T v =

x| = X ifx=0
) —X ifx<0

X
0

a? X ‘J’ B “'}"gt‘}“]’ MT F g X %‘ (3 9}3 K%E (J’ i ﬁg‘) ° *\‘ 'FB # ’)& The graph of the absolute value function f{x) = |x|
) has a “corner” at the origin.
P Aax=0p77jcs o Hint: @ % S HcHe' G AT o

<prove > :

[ Topic 3] Geometric Explanation of Nondifferentiability (# ¥ fic 4 |+ % i f2$2)

BB ISP A=A THEA  APT ULT S e R
B0 et Wen - f)=x] 4 5 R BV VPR T

2P A EERAREAEL - B 42 (corner) o RE. (origin) + i
PRE LA RS BREL -1 T RS B R R R
BE AN - AR T x=0 FEAF(FaE) L TE
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[ Topic 4] Other Nondifferentiable Functions (£ v % ¥ jiz. #k)

- BB AR L AR NE EOSPEED T 2 A AR RFEIET F ke
If U
y
not differentiable at
Y = ¢, because the
} X } X Ys § :
: J tangent line is vertical
L [

Each of the functions graphed here has a “corner point”
grag ¥

: : 2 X
at x = ¢, and so is not differentiable at x = ¢.

|
I
|
1
c

=

=

£ & BL2 ‘b dodk - B ARE G £ 22 (vertical tangent line) » F] i E-E 7 el
L ERE P

=
F_*

Mox BH T Mo

ok - BOERTH PITV R 2R E 7»?“3[*“{ F- B SEcA R (7 RTEES BAEE) o
Pl:%ZBLY 5 4 ¥ pic o (If a function is differentiable, then it is continuous. Therefore, if a function is

discontinuous (hasa “jump” ) at some point, then it will not be differentiable at that x-value. )

If a function f satisfies any of the following conditions:

1. fhas a corner pointat x = ¢,
2. fhas a vertical tangentat x = c,

%m T 3. fis discontinuous at x = ¢,

- X ( because 1t 15

discontinug - then f will not be differentiable at c.

dr g - il; \Zl'lﬁ:t? /f:rh’ ’ E'J;’/} \:llﬁ:tl\iﬁﬁg‘ °
dod - BBl o RS BIRLE T o
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